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Abstract

The paper presents statistical description o f weak turbulent convection in a linearly stratified, 
binary fluid. Problem of the thermohaline turbulent convection is formulated taking advantage 
o f mutual characteristic functional o f velocity, temperature and salinity fields. For two types o f  
functionals, viz. STCF and SCF, some differential equations are presented, with functional 
derivatives. The equations comprise — as a specific case — equations presented by other authors 
[1, 23, 24],

1. Introduction

For various problems of ocean dynamics, sea water can be treated as a binary 
mixture of pure water and salt [10, 11], Studies on the motions of such media must 
take into account instability of processes taking place in fluids (diffusion, thermal 
conductivity, and internal friction), and constitute subject of the thermodynamics 
of irreversible processes (comprehensive review of these problems has been given 
by Zubarev [27]). Thermodynamics of ocean waters was also discussed by Kamen- 
kovich [10]; see also Landau and Lifszyc [15].

When temperature and salinity of sea'waters in the gravitation fields are different 
in various points of the medium, hydrostatic equilibrium cannot occur in all spatial 
distributions of these parameters. In order to achieve the equilibrium it is necessary 
to have a constant and vertically directed gradient of temperature in the whole volume 
of the fluid, while salinity gradient must also be vertical and related to the tempe
rature, i.e.:

V T= —A 0k,  V s = —B0k,  at B0 + 1A0= — — g ,
Us

where:
A 0, B0 — constants,
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k — unit vector directed upwards,
X — diffusion coefficient,
Hs — chemical potential of salts,

[  P \ S s ) t „  

g — acceleration of gravity [26].
Lack of mechanical equilibrium leads to internal flows which transfer heat and 

salts, i.e. to complex phenomena of thermohaline convection. Mathematical descrip
tion of these phenomena is based on the following set of equations [25, 26]:

du„ du„ dn , „ d2u<,
-^- + Up— = - — +gx(yos - a o0) + v — F - + / a(x, t) ,
Ct OXp OXx CJXp OXp

ee de d2e d2s ,, x
~J7+uP z ~  h Qt(X’ {)> (1)at oxp oxpoxp o x p o x p

ds 8s d20 d2s
—  + up ^— =  3 5— à— ^Di ^— ·" Qs(x  = 0  ; ot oxp cxpdxp oxp oxp

duB
—  = 0 , where a , / ? = l ,2 ,3 .  
dx p

In the equations (1) the following notations were used: x = ( x t , x 2, x3) e 2  
where 2) is a domain in the three-dimensional Euclidean space R 3 with boundary d & 
(specifically Q) can be unbounded, viz. 3> = R 3) t e  [i0>°°); wa(x, t) — field of fluid 
velocity; n(x, t )=(p(x,  t)-po)/po, 0{x, t) = T(x, t ) - T 0, s(x, t )=S(x,  t ) - s 0 -  
where p, T, s are pressure, temperature and water salinity, respectively; “zero” index, 
points to values of these parameters during equilibrium, at 7r/p0< d, f l /T o d , S/s0<g.l. 
Furthermore, f x(x, t), Q'T(x, t), Q's(x, t) are assigned field of external irrotational 
forces, heat sources and salt sources, respectively; Ç=x + N/.2D, where '/ — coeffi
cient of thermal conductivity, N=(T/xJcp)0·, D — coefficient of salt diffusion; 
Ç — NAD; C =  AD (see [25]). Equations (1) have been obtained adopting several physi
cal simplifications [10, 27]. Notwithstanding this, their mathematical structure is 
extremely complex. Note that assuming 2 =  0 in the first and second equation of 
the set [1], i.e. taking no account of thermodiffusion, we will obtain the set of Ober- 
beck-Boussinesq equations, commonly used for the description of convection in 
a binary fluid [9],

It seems that analysis of the set of equations (1) with classical mathematical 
methods is essentially aimless, although in specific cases significant results were 
obtained using this set, most of all as regards the problems of transformation, viz-. 
of the conditions in which laminar flows become turbulent flows [9]. Developed 
thermohaline convection necessitates statistical description; this being confirmed 
by direct observations of ocean dynamics [21], In the essence, motions taking place 
in sea waters represent turbulence, though their nature is exceptionally complex 
due to the effect of earth rotation, stratification, existence of several zones of energy 
supply (differing as regards their scale). Nevertheless, it should be underlined that



a general concept of turbulent transfer of the momentum, energy and mass, based 
on fundamentals of theoretical physics, has not been worked out as yet [8]. Theory 
of the turbulence is still under discussion; a comprehensive review of recent achieve
ments in this field has been presented by Monin and Yaglom [19, 20], Leslie [16], 
and Monin and Ozmidov [21]. The present paper describes developed thermohaline 
turbulence taking advantage of reciprocal characteristic functional of the velocity, 
temperature and salinity fields. Possibility of statistical theory of turbulence, based 
on a characteristic functional of the velocity field, has been suggested for the first 
time by Kolmogorov [19], and taken advantage of by Hopf [4, 5], Papers of the latter 
author constituted a starting point for many general works on functional formalism; 
their review is given in a monograph by Monin and Yaglom [20].

Other important works on these problems were published by Hosokawa [6, 7]. 
Problems of turbulent convection were also dealt with by Szafirski [24] who worked 
out equations for characteristic functional of velocity and temperature fields for a 
thermally stratified medium. Similar formalism was used by Ahmadi [1] for in
compressible, homogeneous fluid. Moiseev et al. [17] presented an equation for 
compressible fluids, with specific selection of the state equation. More general equa
tions than those given by Szafirski [24] were worked out by Sadontov [23], However, 
in most cases [1, 17, 23] equations are given only for spatial characteristic functional. 
Furthermore, these authors were not as mathematically accurate as Szafirski [24], 
who also worked out equation for a space-time characteristic functional Equations 
presented in this paper are much more general than Szafirski’s equations, so 
that they embrace also the latter ones as a specific case. Furthermore, with proper 
simplifications, these equations can easily be used to obtain the results presented by 
Ahmadi [1], and — if the relationship T0 = T0(z) is taken for the set (1) of equations —
— it is also possible to obtain Sadontov’s results [23].

2. Formulation of the problem 
of turbulent thermohaline convection

(/') Let the field [t/(x, t), 0(x, t), s(x, i)] be a vector random field. Let’s assume 
that f \ ,  and that for all points M i =(x1, tx) , . . . ,  M n=(x„, t„) such that (xt , 11)

neN

e Q> x[t0, oo), 1 = 1 ,. . . ,«  there exists a probability density p ( M l , . . . ,  M n) of the ran
dom vectors [«(M J, 6(M1), . . . ,  [w(M„), 0(M„), s(M„)]. We can say that 
random vector field [«, 9, 5] is known if probability density p{M x, . . . ,  M„) is known 
for / \  and all points M x, . . . ,  M „m x[t0, 00). Let’s assume that vector [u(x, t),

neN

0(x, t), j(x, t) satisfies the set of equations (1). Let’s further assume that at the mom
ent t = t0 vector field [w(x, t0), 0(x, t0), s(x, /0)] such that dujdxx = 0 is given, i.e. 
we assume that for / \  and for any points M 1=(x1, t0), .., M n = (xn, t 0) initial

_  neN

functions ^ (M 1 ; . . . ,  M „) are known. Then the problem of turbulent thermohaline 
convection should be formulated as follows: define time development of the vector

*·



random field [m(x, t), 0(x, t), s(x, i)] viz. find the evolution in time of the function 
p ( M x, .. . ,  M„) for / \ -  and for all points M x, M ne 3> x[t0\ oo).

n e N

Further on we shall see that when the problem is posed as above, it is possible 
to formulate it as a problem of probability distribution for proper hydrodynamic 
fields, taking advantage of characteristic functionals of these fields, which unequi
vocally define the above distributions over the phase space of turbulent flow.

(ii) Let Q={co} be the phase space of turbulent flow, i.e. a set the elements of 
which are represented by the vector fields [u(x, t), 0(x, t), s(x, t)] satisfying the set 
of equations (1) and specified boundary conditions. We shall assume that at defined 
boundary conditions on the borders of the flow, the set of equations (1) uniquely 
defines the fields [u(x, t), 6(x, t), s(x, i)], t > t 0, a t given initial field [ii (x, f0), 0(x, t0), 
s(x, i0)] (see [4, 5, 14, 18)]. Now we should precise (see [24]) these conditions. Let’s 
consider a fixed vector field \a(x, t), b(x, t), c(x, t)\ defined on the boundary 53) 
x[t0 \ oo) of Q)x\t0\ oo). We assume that the following boundary conditions are sati
sfied:

\u (x , t) , 0 (x , t) , s (x , i)] =  \a ( x , i ) , b ( x , t) , c ( x , i)]

on dD x [i0; oo). (2-1)

When 3  = R 3, we assume for Q the following boundary condition at infinity: 

lim [u (x , i). 0» s (x > i) ] ==P (2.2)
|x| co

for all [ii(x, t), 0(x, t), s(x, i)] where p is a given constant vector, independent 
of all considered vector fields.

Let’s assume that it is possible to introduce probability measure P(co) on Q 
i.e. a measure given on a — algebra of Borel sets Q, such that P (A )^ ,  Ac=Q count
able additive and normalized P(£2) = l. Let’s also denote as Q0 the space in which 
the elements are represented by initial vector fields [u(x, t0), 0(x, t0), s(x, i0)] and 
assume that a measure P0(co0) is given over this space, which defines probability of 
[u(x, t0), 0(x, t0), s(x, ?0)] belonging to the Borel subset oj0 <= Q0. Problem of the 
turbulent thermohaline convection should be now formulated as follows: find the 
measure P(oj) concentrated on the set {[«(x, t), 0(x, t), s(x, i)]} oo)) of the
solutions to the system of equations (1), such that its contraction at t — t0 would 
equal to measure P0, i.e. P(\u, 6, s]; [u(·, t0), 0{·, t0), j ( · , i0)] e o)0) = P0(o)Q).

Measure P determined probability distribution on the set of solutions, which 
corresponds to the initial distribution and can be defined as a space — time statistical 
solution to the set of equations (1).

However, application of such a measure to an infinitively dimensional function 
space Q is not simple (see[2]). In the infinitively dimensional case it is not possible 
to distinguish the distribution class having probability density, viz. there is no invari
ant measure under translations and rotations and would be easy to calculate in case 
of affine transformations. In particular, requirement of countable additivity of this 
measure is equivalent to the requirement of commutability of the integration of o) 
function against this measure, viz. of the operator of expected value of the functionals



of [u(x, t), 0(x, t), s(x, i)] with operations of the limiting passage, in this of differenti
ation and integration of these functionals against the parameter. In order to avoid 
consideration of quite inconvenient functions of the sets P(S), SczQ, instead of 
P(oj) we shall use its continual transformation of Fourier, viz. a space-time charac
teristic functional (STCF) [18, 24].

<p[y, P, ql =  <expO' { y , p , q ; u , 0 ,  s})> =  {exp (i{y, p , q; u , 0, s}> dP, (2.3)

where

{y, p , q ;  u, 6, s} = {y (x,  t ) , p (x ,  I), q(x,  t); u (x ,  t ) ,  0(x,  t ) , s ( x ,  i)} =

=  J [ y / x , t)Uj(x, i) +  p ( x , t ) 0 ( x , t) + q ( x , t ) s ( x ,  i)]dxdt  (2.4)

2)x[t0; co)
at [J(x, t), p{x, t), q{x, t)\ e H, where H  is the space of continuous vector fields on 
S)x[t0·, co) with compact support in 3>x[t0\ co). Values of the functional (p[y,p, q] 
in the “improper points” of the H  space.

71
yB( x , 0  =  E  Rj S*jt) S ( x - x j ) 5 ( t -  tj),

j= i

p ( x , t )  = X R j <5aj45(x — xj) S ( t - t j )  , 
j'=i

q (x , f) =  £ R j  Saj5 8 (x — Xj) 8(t — t j) , . ^  ^

where is the Kronecker’s delta; <5(·) — Dirfic distribution R l t ......
d} — l , . . . , 5 ;  /?= 1, 2, 3 covers with characteristic functions of probability distri
butions for values [u(Xj·, tj), 0(xj, tj), s(xj, ij)] of the field [u(x, t), 0(x, t), s(x, i)] 
over limited number of space-time points (xl5 .., (x„, tn) e 3>x[t0', oo). It is now 
easy to see [14, 24] that:

^ n n
<P lh~p,  q] =  xCxp[i Z  Rj u*j(xj > tj )+ H  Rj8xj4.0(Xj, tj) + 

j =1 j =1aj< 3

+  i R j 8 xj5s ( X j , t j m ,  (2.6)
j = i

w'z. <p [J, p, g] is a characteristic function of n-dimensional probability distribution 
of random variable fo /X i, i i ) , . . . .  >1ap : n, ?„)], where rjxJ x m, tm) = uam(xm, tm) for 

3, ^ m(xm, tm)=6(xm, O  for a,„ =  4 and J7a(xm, im) =  s(xm, fm)for<xm =  5. Introduc
ing the Fourier transformation of characteristic function (2.6), we can obtain the 
function of probability density p(t j i , . . . ,  tj,,) defined as:

n ^
p(tJ i , . . . ,  tin)=(2ji)~n j  exp ( - i  £  Rjvj)  q>\y , ~p, q~]dRt , ..., dRn. (2.7)

j = 1

Thus, all finite dimensional probability distributions for the field [u(x, t), 0(x, t), 
s(x, /)] can be uniquely determined basing on the functional <p [y, p, q].
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(iii). Let’s introduce a definition of the differentiation the functional (p [J, p , q]. 
Since cp is the functional dependent of five functions y l , y 2, y 3, p, q, then introducing 
the notation ya, a = l , 5; y 4=p, y 5 = q we can formulate the following definition: 
D e f in itio n  1. Functional (p[..ya..] is differentiable against function yx—yx(x, t) 
if there exists a function Aa[yfi; x, i] such that:

oo

p [ . . . y a +  < 5 ) V . . ] - i 2 > [ . . . J V . . ] =  i  $ A £ y a; x , t ] 5 y x( x , t ) d x d t  +
2 to

00

+  o [  J  j  |^ya( x , t)\dxdt~\.  ( 2 . 8 )
3 to

Functional Ax\yp ; x, t] is called a partial functional variational derivative of <p 
with respect to y x at the point (x, ?)· It is readily visible that expression (2.8) can 
also be presented in an equivalent form [24J.

< f y [ . . . } V . . ]  <pl-~y«(x, t) + 5yx(x ,  t) . . . ' \ -(p[_. . .y^x,  f ) . . . ]
-------------- =  lim ----------------------------------------------------------

Sy*(x, t)  sup\Sy„(x,t)\->0 {  $d yx( x , t ) d x d t
t>to a t0

in which:
A r  „  &<P ["O'«· · · ]

Aa[yx; x ,  — —  ·
(29)

Taking advantage of the definition I we can see that:

d u x  , o  s H x _ x ,) 5 ( t _:t>)) (210)
8yp( x , t)

where Sxp is the Kronecker’s delta.

3. Equations for space-time characteristic functional

Now let’s derive functional differential equations for <p\y,p, q\. To simplify the 
problem we shall omit functional arguments in the expressions for functional deri
vatives (2.9).
Note that

T-  =  </Mctexp(/{J, p, q ; u , 0 ,  s})> , (3.1)

^ -= < /0 e x p ( i { y , p , q ;  u, 0, s})>, (3.2)
dp

Sep
— =  <isexp(i {y , p , q ; u , 0 ,s})> , (3.3)
Sq

52<p
i - u xupexp(i{y,  p , q ; u ,  0, s})> , (3.4)

Sya Sy



S2(
=  < —«p0exp(i{y, p,  q ; u , 9 , s } ) } ,  (3.5)

<5 yp ôp

Ô 2tp 

ôyf  ô q
= ( - u „ s e x p ( i { y ,  p ,  q \ u , 9 ,  s})>. (3.6)

Dependencies (3.1) — (3.6) were obtained taking advantage of the definition 1, and 
expression (2.10).
Taking into account system of equati ons (1) we obtain:

d dtp /  du. r  \  / . [  8n du f

3T ?y 7 “ v  a?  "  ! , ) r V r ^ '

P P /

But:

Ô2 δφ ! d2ux .  \
- — ----- -  =  ( ! - — — exp(i { y , p , q ;  m ,0 ,s } ) ) ,  (3.7)
dxp ΰχβ dya \  dx„ δχβ - /

/  χ δ Γ  = ( ~ H<’T Lexp(, { ^ P ’ q ; «> 0 >s} )V  (3·8)

<̂5 (p !  Θ \
— —  —  =  ( i -— r—exp \ i { y , p , q ;  i i , 0 , s } ) ) ,  (3.9)

'ÖXß UXß op \  OXß ÖXß !

ί—■ / - χ· = ( “ Μί χ - εχρ ( ί'{?> 4 ; u , e ,  s } ) \ , (3.10)δχβ Syß δρ \  δχβ /

,  ^  -Τ -  = ( ί * 9 !  -exp(i{j;, p ,  q ; « , 0 , s } ) \ ,  C3·11)
oxp dxß öq \  oxß öxß /

/ - - T “  = / - « /> TT*exp(i{y, p , q ; ϊί, 0, s} )\ . (3.12)
ÖXß öyß öq \  dx6 /

32Μα "1 _ \
+ s -  a0 0) +  v + /a j exp ( i { y , P,q", u , 9 ,  s}) ̂  ,

‘δ  δφ  /  3 0 , r„  -  , \  /  Γ  .5 0  3 20

1â r i p “ v ^ < "cxp p ' ’ · s ,) / = v L “ “ ' s ; + { s ï â +

s ”"1 \
+  C ^ - ^  +  e ; J e x p ( i { j , p , g ;  Ü , 0 , s } y  ,

a <5<? /  as r- - Λ .Λ /  Γ 3s δ2θ
i ^ - e x p ( / { y , p ,  q ; ι ι , θ ,  s}) ) =  (  i +

et dq \  et /  \  L ^χ /3 ΟΧβΟΧβ

ô2* Ί \
+ D ^— T -  + 2 Ś exP ( i ( j s p , q \  » , 0 , s} )) .  ÖXß J  /



Now, taking into consideration dependencies (3.7) - (3.12) we have:

d Sip d S2q> d2 Sep Sip Sip d l l
~T7~i =  * 5 T  T ~  + v 5— 5----- JT- + V o 9 ' - = ----- « o 8 . t - +  F · — ( 3-13)6t Syx dxp dy ttdyp dxfioxf i Syx Sq Sp dxx

where

i ’ct =  <i/'*exp(i{J, p ,  q ; u , 6 ,  s})>,

77= <i;cexp( i { y ,  p ,q ' ,  u , 0 , s } ) } ;  ('3'14*

and

d Sip d S2tp d2 d(p d2 Sip
- Z 7 ~ r = i a— 1— +  — F - ! '  + 2 r .  (3.15)at op dXpdyxop oxp oxp op oxp axjS oq

where

Qr =( iQ'Te x p ( i { y ,  p ,  q ; u , 0 , s } ) > ;  (3.16)

and also

d Sip d Sz m d2 Sip d2 Sip
r 7 -a »‘ -  - —  +  C 5- 5- - j - + D r -  - r  +  Q‘ ’ (3-17>c t  oq oxp d\’poq oxfi oxp Sp oxf  oxp Sq 

where »

6 s= < 'Q sexp (i{jJ , p ,  q ; u , 0 , s })> . (3.18)

When (3.1) is taken into consideration the continuity equation duJdxp = 0  gives: 

8 ’Sip
— — - = 0 .  (3.19)
vXp oyp

It is now quite easy to show that the functional ip [y, p,  q] is invariant as regards 
transformation S£ in the space o f  function y,  viz. there exists such linear operator .5?, 
SCy(x, t) =  y ( x ,  t) that [20, 24]:

<ply, p , q ' ] = < p l y ,  zL  (3.20)

where y(x,  t) is the solenoidal part o f the vector y(x,  t); d y j d x x = 0 and j„ /a£t =  0  
(£« c S a £ , c £ , a £ , c Q), where y(x ,  t ) is a continuous vector on 3)x\ t0 \ oo) 
which for fixed t — disappears outside E, such that E,c!2>).

Property (3.20) is quite important as it makes possible to get rid o f the term refer
ring to pressure in the equation (3.13). In order to do so we must multiply (meaning 
make a scalar product) both sides o f  (3.13) by the function r\(x, t), which satisfies 

condition drjjdxx= 0 and disappears sufficiently rapidly at |x|->oo (especially y ( x ,  t )  
can be used as function tj).



+v0g *^r -+ aogx ‘j )- - F ^ \ dxdt=o.  (3.21) 
oq op J

Equations (3.15), (3.17) and (3.21) represent the sought equations for STCF <p[y,p, q]. 
Moreover, functional <p[y,p, q] must satisfy the following conditions [14, 24]:

[0, 0 , 0] =  1 ; < p * i y , p , q l = < p i - y , p , q ] ;  1 [ j p »JP > «31 < 1 - (3-22)

Here * denotes the complex conjugate. The first two conditions result directly from 
(2.3) and P  normalization. The third condition results from normalization and non- 
-negativity of P. It constitutes the simplest condition from an infinite sequence of 
inequality, which must be satisfied by <p, and which results from positive definiteness
<p[y,p, o\ [14].

Denoting by P0{A) the probability distribution defined on subsets of vector 
field spaces [u(x, t0), 0(x, t0), s(x, t0)] such that cu/!/dxp = 0, we can now formulate 
the problem of turbulent thermohaline convection as follows: find the solution 
to equations (3.15), (3.17), (3.21) which would satisfy condition (3.22) and the fol
lowing initial condition:

(p [>-(*) S ( t - t 0) , p ( x ) S ( t - 1 0), q ( x ) d ( t -  i0)] =  (po [? 00 > P (*)» « 00] , (3-23) 

where <p0lj,  p, q] is the characteristic functional of the probability distribution P0(A).

4. Equation for space characteristic functional

Less comprehensive statistical description of the field [u(x,t), 0(x,t),  s(pc, i)l 
can be obtained defining space characteristic functional SCF [20, 24]:

0 =  J exp (i{ J, p,  q ; u , 6 , s ; t})dP =

=  <exp( i { y , p , q ;  u , 6 , s ; i})>, (4.1)
where

{ y , p , q ; u , 0 , s ;  i}= $Cy„(x)ua(x , i ) + p (x )6 ( x , t ) + q ( x ) s (x , t ) ' } d x ,  (4.2)
D

and where [J>(x), p(x), q(x)] belongs to space H 0 of vector continuous fields on S>, 
with a compact support in D

Considerations presented in previous paragraphs are valid also for this case, 
obviously with proper modifications. They can be quite easily obtained (see [24]). 
Let’s derive equation for SCF cp [J, p, q, /]. Note that (p [y, p, q\ i] represents now 
functional from y,p,  q and for fixed functions 3’,P, Q it constitutes a time function t.

a

V d d(p 8 62tp d2 5(p
. Y]̂ X ’ ^  c t 8ya 1 dxf 8ya Syp V cxp dxp 8yx
a

5(p S(p 1 
+ v0g*^r-  + “ 0 0*-7---- F* \dx(oa op

f dnIn view of the fact that iix(x,  t) —— = 0 . we obtain:
J dx«
3



Now we must express quantities at the right-hand side of the above dependence 
in terms of functional derivatives. In order to do so, advantage should be taken of 
equations analogous to (3.1) —(3.6), which can be obtained from the definition (4.1) 
and rules of functional differentiation. And thus:

(4.3)

Equation (4.3) is the sought equation for SCF tp\y,p, q; t].
In the above (4.3) solenoidality of the field y(x)  has been taken into account. 

This way it has been possible to eliminate the term expressing pressure. The follow
ing denotations have also been introduced:

i ’a=<»/ltexp(i{J, p,  q ; u , 9, s ; i})>,

<2r  =  <iQ'Texp(i{J, P, q;  u , 9 , s ;  (})>,

Qs=<iQ'se w ( i { y ,  P ,  q ; u , 9 , s ; t})>.
Equation (4.3) possesses first order, in time, so that it can be used to determine func
tional tp[y(x), p(x), q(x); t], at initial condition:

<p [? ( x ) > p ( x ) , q ( x )  ; t0] = <p0i y 00 , p ( x ) , q (*)] · (4.4)

Functional ç>o\y(x)> p(x)> #(·*)>] must satisfy restrictions resulting from the condition 
of incompressibility d/dxp(ôlôyptpo)=0. In this case solution to equation (4.3) 
tp[y(x), p(x), q(x), t] automatically satisfies this condition, at any t > t 0 [20].

Thus:

δφ /  Γ Γ dux δθ 5s Ί  _ \
- ^ -= ( ι  A W - ^  +  P W ^ i+ ^ W - ^ ·  exp( i \ y , p , q  \ u , θ, s ; ή )  ) ■

\ V L & J  /3)

Using the system of equations (1) we have:

■δφ /  f  f Γ <5«α δπ 52«α
7 7 = ( * 1 -̂ α -«*-=------5 -  +  v 5— T—+ ^ 7o S - ^ a 0 0 + / a +σί \  . i. öxp δχα öx^öx,,

a

δθ δ2θ d2s Ί  Γ ôs δ2θ 
+ Ρ ~ up~i----f"£*i— 5----ρ— ^ ô r  +  <ΐ ---- Κ ζ — 5----^

UXß ΟΧβ UX β β β β β

ô2s Ί \
+  Ö - — - r -+ Q s  d x e x p ( i  { y , p ,  q \  u , 0 , s ; t } ) ) ·

ÖXß ΟΧ β j

δφ f Γ δ δ2φ δ2 δφ δφ δφ
~~1~ <Λ(Χ) 1 λ τ~ c -+V-----—  ~ j -  + 9 ^ o - s---- 9χ«ο-γ~+Ρ,ζ +et J (_ L  δχβ öyaSyß δχβ δχβ 6ya ôq δρ

9
Γ δ δ2φ „ δ2 δφ δ2 δφ Ί

+  P W  ί 5— V,, c +  ζ â----Ä---- Γ~ + £ Ä----λ-----Γ" +  δ τ  +
Ο Χ β  v y ß O p  Ο Χ β  Ο Χ β  ο ρ  Ο Χ β  Ο Χ β  OC[

Γ δ δ2φ δ2 δφ δ2 δφ Τ)
+ q (χ ) i -------------  ̂£ --------- ------ Η D ----------------Η β* ? d x .|_ δχβ δγβ dq δχβ δχβ δρ δχβ δχβ öq J]



5. Final remarks

The presented functional formalism, applied to the problem of weak turbulent 
convection in a linearly stratified binary fluid, allows for a most constructive and 
consistent approach to the exceptionally complex physical phenomena taking place 
in case of such cbnvection.

This results from the fact that equations for the characteristic functional are 
equivalent to an infinite set of stochastic differential equations, which would be 
rather difficult to analyse without the use of functional calculus.

Special feature of the adopted approach consists of the fact that linear equations 
are obtained for the cp functional. Due to insufficient knowledge as regards the theory 
of differential equations with variational derivatives, it is not possible to obtain 
practical results from these equations as yet. Nevertheless, possibility of comprehen
sive description of the field [u(x, t), 0(x, t), s(x, i)], treated as a vector stochastic 
field, with one value only, viz. mutual characteristic functional, seems to be of utter
most importance.

Moreover, such description allows for many interesting observations; most of 
all, formulation of several problems of statistical hydromechanics is in many aspects 
analogous to the formulation of problems in quantum field theory [3, 20, 22] and 
statistical mechanics [22], Functional formalism also constitutes effective approach 
to quantum optics and theory of dynamic systems [12, 13].

Some resulting analogies with ocean turbulence shall be presented in next papers.
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