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THE ESTIMATION AND ACCURACY OF CHARACTERISTICS
OF RANDOM PROCESSES

The theory of random processes finds increasing application in ocean-

ography and hydrology, therefore it is expedient to realize the errors
inherent in particular data processing technigues. A knowledge of the
errors enables one to choose the most appropriate procedures to estimate
the characteristics of random processes and the confidence intervals of
the estimates.

It is assumed throughout this paper that one deals with an analogue
record or digital series of an ergodic random process X(t). For the sake
of simplicity the formulae are presented only for the analogue record,
which is subject to digital guantization.

Let us start from a closer examination of the formulae for the esti-
mate of the expected (or mean) value of a random process, which will
make it easier to observe the other random characteristics. This estimate,
for averaging over the time T, is another random parameter

X(t) dt (1)

By evaluating different statistical moments on the basis of the probabi-
lity calculus theorems one is able to determine the estimates of correlat-
ion functions, spectral densities, etc., that is to show how these correlation
functions etc. computed from a single random series represent the whole
statistical population. It can thus be proved that the expected value M
of the mean value m* of a random process X(t) is a true mean value
m X

M [mj] = mx (2)



The variance of the mean value m* in the realm of the whole popu-
lation of mj (i.e. the measure of the approximation of m? to the true
value mx) is

T

AN f k=x (t*—tl) dti dt2= —jJ A—i) Kxx(mdr
©))
for lim 02—20 4
T m
which gives
or
om~oxj/™NA foraT ™I (5-2-)
in the case of the correlation function
Kxx(x)= o0;e-W (5.3)
and
N[IT+(g)T for“T > 1 (6U
if the correlation function is
Kxx (t)= o*— cosQot (6.2.)

By analogy, one can analyse the propriety of representation of the
correlation functions of a random process. For a given mean value mx
one obtains the following compatible estimate of the correlation function:

MIKLE(t)] = Kxx(t) @)

and the variance of the correlation function
«JW = T (T—T- tj) (K1 (T)+ Kxx(Ti+ T).
K xx (tl — T)J dTj (8)

Upon consideration of the dominant interval of the correlation function
0 < t<Tmax and long time period T one obtains
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For the correlation function of the type (5.3) one obtains from (9)

OKW ~ A - A ) I+ (1+ 2«t)e 2l (10)

Characteristic for many oceanographical and hydrological processes
is the correlation function (similar to 6.2.)

KxxW = oke_“McosPx cosaot (11)
The statistical scatter of this function is measured through a complex

product af£ of * anc*a comhination of an exponential function,

trigonometric sine and cosine functions, and power polynomials of a, P,
o, and t.
From the analysis of this formuta it follows that a£

i — decreases with increasing t

ii — is highest at the extrema of Kxx (1)

iii — is lowest at the zero crossings of Kxx ()

iv — reaches the highest possible value for Kxx(0)

v — is about half of its maximum value for

t= — Gtillwith T
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Although the deviation aExdecreases with x, the relative error

/a2 *M\i'2
QW= (i (2

increases with time and after the time xcr corresponding to

T = [L+ exp (22acQ@) I+ 2tcr (13)

the function (x) does not carry any useful information.

If the mean value mx is not known a priori, a long sample (long T)
is reguired, but this stipulation is almost always satisfied for other
reasons (e.g. with respect to spectral density).

The estimate S (j *Aco), derived from the correlation function by
the Wiener-Khinchine transformation, is not the most effective (i.e. with

smallest variance in the generat population of random S) estimate of
the true spectral density S (co). In other words, the variability of the
estimates of spectral densities does not change with the length of random
sample and the length of the correlation function transformed. As a

result, the function S (j WA ) must be smoothed out or is to be computed
from the correlation function with an appropriate weighing function.
It can be readily proved that both operations (smoothing and weighing)
are equivalent (cf. Polish paper in Studia i Mat. Ocean. 12).

As transforms of random functions, the spectral densities are also
random. The finite length of time series brings about the fact that
the expected value of spectral density is not the true value from the
realm of infinite series:

M [SIX (co)] = -1J Kxx (t) cos oot dc + 1 i [Kxxex (X) —

0 ‘'max
— Kxx (r)] ecos oxdx (14)

The second RHS term discribes the ”noise of finiteness” due to
the anproximation of S*x () by integration in the finite interval
0< t < xmax. The function Kxxex describes the correlation values extra-
polated beyond the interval 0 < t< Tmax.

By substituting any correlation functions in Fig. 4 one may deter-
rnine the effect of cutting off K (X) at x= xmax. An example for Kxx (X)
in the form (5.3) is shown in Fig. 5 whilst Fig. 6 illustrates the same
effect for the function (11.1).



Fig. 4. The deviation of the spectral
density S*xx (w) from the true value
SXx(w) due to the assumption
K*xx (€)= 0 for r > Tmax

Rys. 4. Odmiennos$¢ realizacji gesto-
§ci widmowej S*xx (w) od wartosci
prawdziwej Sxx (c0) w nastepstwie
zatozenia K*xx (t)= 0 dla r > rmax

In order to best approximate the estimate of spectral density it is re-
commended that

the correlation function be extended to cross with the abscissa axis
(of. Fig. 4),

3
the correlation length Tmax be greater than —.

If the spectral density is computed by any method of numerical
integration, it is well aproximated within the interval of freguencies
lower than the Nyquist-Kotelnikov freguency

Fig. 5. The spectral den-
sity S*xx (w) obtained
from the correlation
function extended to
the abscissa axis

Rys. 5. Funkcja gestosci

widmowej S*xx (co) ja-

ko wynik przedtuzania

funkcji  korelacji do

przeciecia z osig odcie-
tych

(15.1.)

or

(15.2.)



Fig. 6. The effect of time &irXmex)
Tmex on the form of the spec-
tral density S*xx (co) for Kxx
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Rys. 6. Wplyw czasu Tmax na

posta¢ funkcji gestosci wid-

mowej S*xx (co) dla Kxx w
postaci (10)

The incompatibility of the estimate M [S*x (c0)] and the true value
Sxx (o) results in the fact that the expressions for the variance of that
deviation (or incompability) are tangled and unpractical. Under certain
simplifying conditions the variance for the spectral density with the
additional weighing function x () is

o]*(®)=F-“- S*»(®)G W (16)

where
+ 00

Gw= f v (dt a7)
The weighing function A (X) optimizes the properties of the operation
of integration, as in the general problem of the optimization of dynamie
systems. If the weighing function is well selected, the estimate S*x(c0)
is as close to the true value Sxx (o) as possible. It has been shown that
the optimum weighing function should satisfy the condition

K.M
W = K4 W+ M <18)

Upon consideration of the relative error (12) one can draw the following
conclusions in respect of the choice of x (t): for long T, if tk is long, the
values of Qk are much smaller than 1 and then the weighing function
is close to the optimum one. If the analysed series is short, for smali
a and long xmax the function

I £ I x Y forK < w
AT) = | \-cmaxJ (19)
| O for T Tmax

is almost optimum if q is egual to 1 for a = 0.23. For high ¢ and smali
Tmax the weighing function takes on the form (19) with q>2. Examples



Fig. 7. Evaluation of the up-
Region of HighesT frefjuencies  per fregquency comax from the
- Odcineknajszybszych graphical display of a process

zmian

Rys. 7. Spos6b oceny gdrnej

granicy argumentu widmowej

Whex na podstawie graficzne-
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density S*xx (w) with different
weighing functions

Rys. 8. Wygtadzanie oceny funkcji
gestosci widmowej S*xx (w) za po-
mocg roéznych funkcji wagowych

of various estimates of the spectral density are presented in Fig. 8.
Hence, on the basis of the relationships presented above one can choose
the optimum parameters T, tmax, and At and then select the weighing
function which minimizes the deviation of the estimate of spectral den-
sity from the true value.

It is expedient to compare the above results with the accuracy of
the Fast Fourier Transform, which is now widely used instead of the
classical spectral analysis. The estimate of the spectral density in FFT
is the sguare of the modulus of the Fourier coefficients |Ak|2 The
respective mean value is

2At

oAt
where

SMH= At yj "X exp (— 23 *x*At «f)

T=00

9 (t) = M (XteXt+r)



For the seguence X (j) taken from a normal process the variance

of the estimate S (oon) is

21

where

From the analysis of the above formuta it follows that, if one has
a sample with N=2048 and D=64, the standard deviation of the est-

imate S (oon) is 22 percent smaller in cases of overlapping segments with
~ than without overlapping segments.

Comparison of the the two methods of spectral analysis (classical and
FFT), is shown in Fig. 3.

Fig. 9. "Parasitic” freguencies
around the multiples of the Ny-
quist freguency

Rys. 9. Uktadanie sie czestotliwo--

§ci ,,pasozytniczych” woko6t wie-

lokrotnosci  czestotliwosci  Ny-
guista

Fig. 10. Penetration of the "quan-
tization noise” to the interval
f<fN

Rys. 10. Przenikanie ,szumow
dyskretyzacji” do przedziatu
f<fN

Apart from the above mentioned, there are some other sources of
errors in the estimations of spectral densities. If the highest freguency
chosen is much below the Nyauist freguency, the energy borne in higher
freguences is transferred artificially to the band of lower freguencies
(Fig. 10). This so-called aliasing effect can be avoided by proper choice
of the highest freguency in the spectral analysis or by filtering input
data and rejecting the freguencies f> fN.



Still another type of error, illustrated in Fig. 11, is connected with
the inevitable choice of the guantization level. This error was evaluated
for the manuat analysis of the analogue records of the IBW-PAN wire-
-type wave gauges. The following correlation function of the error func-
tion was obtained:

K@ = 0lexp(—u|t]|])m2a— 45s_1 (22)

Since this function is close to the Dirac delta-function, the respective
white noise arises in the estimate of spectral density.

For the reasons mentioned it is evident that the random character-
istics discussed must lie within some confidence intervals. The statisti-
cal distributions of the mean value and variance of a random process
are widely known. In the case of the Gaussian processes the distribu-
tion of o*2 = K*| (0) is of X — type, while the standardized mean value
M mf( conforms to the Student distribution.

The analysis of the spectral density is more complex. It can be shown
that the distribution of the ratio of spectral densities,

S2 s 072
gR2— (23)

s

is of the F (ni, n2) type as a ratio of two variables with X distributions.
Both degrees of freedom of F (nj, n2 are the same. On the basis of Eq.
16., for a given confidence level a the true value S2 must be contained

in the interval

SR eFm, 2jt_a < SZ< S*2Fnt, 02; al (24)
2
Cxpenmenioi aata neosuremenT scaie Fig. 11. The error of numerical
resolution

Rys. 11. Btad kwantowania

Other confidence intervals are presentedin the Polish text (Studia i Mat.
Ocean. 12, 1975).

In the light of the results presented herein the correlation-spectral
analysis should proceed in the following steps:



i — choice of the guantization increment of the spectral density as per
the regquirement of the highest possible freedom

n= 2BenwlT= 28— A-NAt= 2 — -»max. (25)
mAt m

The maximum freguency fNis to be found from an analogue record,
as in Fig. 7, i.e. fN= 3-4-4 fw. Good representation of the spectral

density is normally warranted by the time increment At= o iN
At the same time, on the basis of Figs. 1 and 4 one has to choose

At that gives a smali error of the numerical approximation of
mean value kn and variance ~AD*

ii — determination of the integration interval of the correlation func-
tion, mAt. After assuming the guantization step of the spectral

density, Be, (the spectral values separated by Af> Be are not
correlated) m is given by

m= W it 6>

3
The chosen value of m must be greater than Tkt and conform to

the conditions of Egs. 13 and 25.

iii — choice of the time length of the time series N At. The chosen value
of N must allow for a high degree of freedom (after Eq. 10, 13, and
25) and must also be great enough to satisfy the stipulation a T > 1

As a first approximation N = — can be taken, where p2is the

measure of the relative sguare error of spectral density.

Examples of the selection of the parameters of the above data Pro-
cessing procedure are given in the Polish text published in Studia
i Materiaty Oceanologiczne Nr 12, 1975.
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ESTYMATORY STOCHASTYCZNYCH PROCESOW GEOFIZYCZNYCH

Streszczenie

Korelacyjne i widmowe charakterystyki procesu losowego powinny byé obli-
czane w taki sposéb, aby mozna byto zminimalizowa¢ btedy wynikajgce z ich
losowosci, to jest rozbieznosci w stosunku do prawdziwych charakterystyk popu-
lacji generalnej. Przeprowadzona w niniejszej pracy analiza tych rozbieznosSci i
btedéw obrébki danych pozwala wybra¢ parametry tych charakterystyk. Wybor
ten musi by¢ taki, aby krok kwantowania zapewniat maksymalizacje stosunku
dtugosci proby czasowej T do elementarnego pasma widma mAt. Maksymalna
analizowana czestotliwo$¢ fN powinna by¢ trzy- czterokrotnie wieksza od naj-
wyzszej czestotliwo$ci wykrytej na zapisie procesu. Wybrana warto$¢ m powinna

3
by¢ wieksza od —- i ma spetnia¢ wymagania zaleznosci (3, 8), m powinno by¢

dostatecznie duze, tak aby aT byto znacznie wieksze od jednosci.

Doktadnos$¢ przeksztatcenia Fouriera przeanalizowano dla ro6znych postaci
funkcji korelacji. Wazne jest, aby funkcja korelacji byta przedtuzana do przeciecia
z osig odcietych.

Wazenie funkcji korelacji i gestosci widmowej powinno by¢ optymalne. Za-
lezno$¢ optymalnej funkcji wagi od postaci funkcji korelacji ilustruje réwnanie (18).

Poréwnanie wynikéw klasycznej analizy widmowej i szybkiej transformacji
Fouriera FFT zilustrowano na rys. 3 oraz przedyskutowano w tekscie zasadniczym.

W pracy okre$lono takze przedzialy ufnosci podstawowych charakterystyk i
omoéwiono specyficzne biedy.
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