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THE ESTIMATION AND ACCURACY OF CHARACTERISTICS 
OF RANDOM PROCESSES

The theory  of random  processes finds increasing application in ocean- 
ography and hydrology, therefore  it  is expedient to realize the errors 
inheren t in  p articu la r da ta  processing techniąues. A knowledge of the 
erro rs enables one to choose the m ost appropriate  procedures to estim ate 
the  characteristics of random  processes and the  confidence in te rvals  of 
the  estim ates.

I t is assum ed throughout th is paper th a t one deals w ith  an analogue 
record or d igital series of an  ergodic random  process X(t). For the  sake 
of sim plicity  the  form ulae are  presented  only for the analogue record, 
w hich is subject to digital ąuantization.

Let us s ta r t  from  a closer exam ination of the form ulae for the  esti­
m ate  of the  expected (or m ean) value of a random  process, w hich w ill 
m ake it easier to observe the  o ther random  characteristics. This estim ate, 
for averaging over th e  tim e T, is ano ther random  param eter

By evaluating d ifferen t s ta tis tica l m om ents on the  basis of the probabi- 
lity  calculus theorem s one is able to  determ ine the  estim ates of correla t- 
ion functions, spectral densities, etc., th a t is to show how these correlation 
functions etc. com puted from  a single random  series rep resen t the whole 
sta tistical population. It can thus be proved th a t the  expected value M 
of the  m ean value  m* of a random  process X(t) is a tru e  m ean value 
m x

X(t) d t ( 1)

M [m j]  =  m x (2 )

(



The variance of the m ean value m* in the  realm  of the  whole popu- 
lation of m j  (i.e. the  m easure of the  approxim ation of m ? to the  tru e  
value m x) is

T

^  J  f  K * x  (t* — tl) dti d t2 =  —  j  (1 — i )  Kxx (T) d T

(3)

for lim  o 2 — 0 (4)
T—>°° m

which gives

or

om ^ o x j / ^  A  f o r a T ^ l  (5 -2 -)

in  the  case of the correlation function

K x x (x) =  o ; e- W  (5.3.)

and

^ [ T + ( ą ) T  f 0 r “ T > 1  ( 6 U

if the  correla tion  function is

K xx (t) =  o * e— “ cos 0)o t (6.2.)

By analogy, one can analyse the p roprie ty  of represen ta tion  of the  
correlation functions of a random  process. For a given m ean value m x 
one obtains the  following com patible estim ate  of the  correla tion  function:

M [ K Ł ( t)] =  K xx(t) (7)

and the variance of the correlation function

« J W =  T/  (T —  T -  tj) [ K I  (Ti) +  K xx (Ti +  T).

K xx (tl —  T)J dTj (8)

Upon consideration of the  dom inant in terval of the  correlation function
0 <  t < T max and long tim e period T one obtains



+ oo

° k  W  *  /  t K x X ( Tl )  +  K x x  (T l +  T ) K xx ( t x —  T )] d  T ! (9)
— oo

For the correlation function of the type (5.3) one obtains from  (9)

0 k W ~  ^ - ^ )  [! +  (! +  2 « t) e_2uT] ( 10 )

C haracteristic for m any oceanographical and hydrological processes 
is the  correlation function (sim ilar to 6 .2 .)

K xx W  =  o Jx e_“M cos P x cos a>0 t  (1 1 )

The s ta tis tica l sca tte r of th is function  is m easured th rough  a com plex 

product a £ of ^ anc* a comhination of an exponential function,

trigonom etric sine and cosine functions, and pow er polynom ials of a, P, 
co0, and t.
F rom  the  analysis of th is form uła it follows th a t a £

i —  decreases w ith  increasing t
i i  — is h ighest a t the ex trem a of K xx ( t )

iii —  is lowest a t th e  zero crossings of K xx ( t )

iv —  reaches the  h ighest possible value for K xx(0)
v  —  is about ha lf of its m axim um  value for

t  =  —  (still w ith  T t )  
a

. . .  _ . 8m (after Eq. 13) Fig. 2. The variation of XD =Fig. 1. The variation of X = ---------------------- s , ,, _  _Óm (after Eq. 9) =  8 - M te , E ,. 20 ) ̂  ^
aX 5d (after Eq. 20) N

with the ratio---------------------------------------------------, .
N Rys. 2. Zależność =  PD 0(j

Rys. 1. Zależność >.m =  0d / ■ °   ̂ g
Om (wg 9) stosunku SlŁ  Xd =  ~i/ cth a

stosunku =  i /  N N N 
N I 2N 2N
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A lthough the deviation a£x decreases w ith  x, the  rela tive erro r

/a2 * M \i '2
Q k*W =  ( “ . 7 -  ) (1 2 )

\K tA*)l

increases w ith  tim e and a fte r the  tim e xcr corresponding to

T =  [1 +  e x P (2a'cCr) I +  2‘tcr ( I3)

the  function (x) does not carry  any useful inform ation.
If the  m ean value m x is not know n a priori, a long sam ple (long T) 

is reąu ired , bu t th is stipu lation  is alm ost alw ays satisfied for o ther 
reasons (e.g. w ith  respect to spectral density).

The estim ate S (j • A co), derived from  the  correlation function  by 
the  W iener-K hinchine transform ation , is not the  m ost effective (i.e. w ith

sm allest variance in  the  generał population of random  S) estim ate of 
the  tru e  spectral density  S (co). In  o ther words, the  variab ility  of the 
estim ates of spectra l densities does not change w ith  the leng th  of random  
sam ple and the  leng th  of the  correlation function transform ed. As a

resu lt, the function S (j ■ A co) m ust be sm oothed out or is to be com puted 
from  the correlation function w ith  an appropriate  weighing function. 
I t can be readily  proved  th a t both operations (smoothing and weighing) 
are equivalent (cf. Polish paper in  S tudia i Mat. Ocean. 12).

As transform s of random  functions, the  spectral densities are  also 
random . The fin ite  length  of tim e series brings about the fact th a t 
the expected value of spectral density  is not the  tru e  value from  the 
realm  of in fin ite  series:

1 1
M [SJX (co)] =  -  J  K xx (t) cos co t  d-c +  -  j  [Kxxex (x) —

0 'm a x

— K xx (r)] • cos co x dx (14)

The second RHS term  discribes the ”noise of fin iteness” due to 
the anproxim ation of S*x (co) by  in teg ration  in  the fin ite  in te rval
0 <  t  <  xmax. The function K xxex describes the correlation values ex tra - 
polated  beyond the  in te rv a l 0 <  t <  Tmax.

By substitu ting  any correlation functions in Fig. 4 one m ay de te r- 
rnine the  effect of cu tting  off K  (x) a t x =  xmax. An exam ple for K xx (x) 
in  the  form  (5.3) is shown in Fig. 5, w hilst Fig. 6 illu stra tes  the sam e 
effect for the  function (11.1).

)



Fig. 4. The deviation of the spectral 
density S*xx (w) from the true value 

SXx (w) due to the assumption 
K * x x  (t) =  0 for r  >  Tm ax

Rys. 4. Odmienność realizacji gęsto­
ści widmowej S*xx (w) od wartości 
prawdziwej Sxx (co) w  następstwie 
założenia K*xx (t) =  0 dla r  >  rmax

In order to best approxim ate the  estim ate of spectral density  it is re- 
com m ended th a t

the correlation function be extended to cross w ith  the abscissa axis 
(of. Fig. 4),

3
the  correla tion  leng th  Tmax be g rea ter th an  — .

If the  spectral density  is com puted by any m ethod of num erical 
integration, it is well aproxim ated  w ith in  the in terval of freąuencies 
lower th an  the N yquist-K otelnikov freąuency

Fig. 5. The spectral den­
sity S*xx (w) obtained 
from the correlation 
function extended to 

the abscissa axis

Rys. 5. Funkcja gęstości 
widmowej S*xx (co) ja ­
ko wynik przedłużania 
funkcji korelacji do 
przecięcia z osią odcię­

tych

(15.1.)

or

(15.2.)



Fig. 6. The effect of time 
Tmax on the form of the spec- 
tral density S*xx (co) for K xx 

after Eq. 10

Rys. 6. Wpływ czasu Tm ax na 
postać funkcji gęstości w id­
mowej S*xx (co) dla Kxx w  

postaci (10)

The incom patib ility  of the estim ate M [S*x (co)] and the  tru e  value 
Sxx (co) resu lts in the fact th a t the  expressions for the  variance of th a t 
deviation (or incom pability) are tangled and unpractical. U nder certain  
sim plifying conditions the variance for the  spectral density  w ith  the 
additional w eighing function X  ( t )  is

o |* (® )= f -“ -  S *»(®)G W (16)

w here
+ oo

G ( k )  =  f  V  ( t )  d t  (17)
OO —

The w eighing function A (x) optim izes the properties of the operation 
of in tegration , as in  the generał problem  of the  optim ization of dynam ie 
system s. If the w eighing function  is w ell selected, the  estim ate S*x (co) 
is as close to the tru e  value Sxx (co) as possible. It has been show n th a t 
the optim um  w eighing function should satisfy the condition

K’..M
l W =  K 4 W  +  . J M  <18)

Upon consideration of the  re la tive  e rro r (12) one can draw  the following 
conclusions in respect of the choice of X (t): for long T, if t k is long, the  
values of Qk are m uch sm alle r th an  1 and then  the w eighing function 
is close to the optim um  one. If the  analysed series is short, for sm ali 
a and long xmax the  function

I Ł l  x Y  f o r K < w
?t(T) =  |  \-cm axJ (19)

| O for T Tmax

is alm ost optim um  if q is eąual to 1 for a  =  0.23. For high ct and sm ali 
Tmax the w eighing function takes on the form  (19) w ith  q > 2 .  Exam ples

& î Xmax)

-mu
max' lZ. Z o

max' 7.3 s

Kxx(*) = *xx (0) exp(-<x IT/) ■ cot cjq V
Kxx(0)'7 
cc »  0.76

CO. • 0.644S'1



Fig. 7. Evaluation of the up- 
per freąuency comax from the 
graphical display of a process

Rys. 7. Sposób oceny górnej 
granicy argumentu widmowej 
Wmax na podstawie graficzne­

go zapisu procesu

Fig. 8. Smoothing of the spectral 
density S*xx (w) with different 

weighing functions

Rys. 8. W ygładzanie oceny funkcji 
gęstości widmowej S*xx (w) za po­
mocą różnych funkcji wagowych

of various estim ates of the spectral density  are presented  in  Fig. 8 . 
Hence, on the basis of the relationships p resen ted  above one can choose 
the optim um  param eters  T, tmax, and A t and then  select the w eighing 
function which m inimizes the deviation of the estim ate of spectral den­
sity  from  the  tru e  value.

It is expedient to com pare the above resu lts  w ith  the accuracy of 
the  F ast Fourier T ransform , w hich is now w idely used instead of the  
classical spectral analysis. The estim ate of the  spectral density  in  FFT 
is the  sąuare  of the  m odulus of the Fourier coefficients | A k | 2. The 
respective m ean value is

i
2At

__ 1
2At

w here

T=00

S (f) =  A t y j  ' Q (x) exp (— 2 Jt; • x • A t • f)
T= 00

9 (t) =  M (Xt • Xt+r)

Region of HighesT fretjuencżes
-  Odcinek nąjszybszych 

zmian

tvu ve&
Falowanie Dx x '0 2 5 m ) T  -  791 min

Tmgx*38s  A (r) wg (51)
Tmax ‘38s  X (r )  vyg(5ó).q*7  
Tmax*38s X  (r) w g(63) a - 023  
Tm ax  - 38s  X  (r) wg (55) q  * 2 
Tmax  - 714 s  X  (Z) wg (52)



For the  seąuence X  (j) taken  from  a norm al process the variance

of the  estim ate S (con) is

(21)

w here

From  the analysis of th e  above form uła it follows tha t, if one has
a sam ple w ith  N = 2048  and D = 6 4 , the  standard  deviation of the est-

/\
im ate  S (con) is 22 percen t sm aller in  cases of overlapping segm ents w ith  

~  than  w ithout overlapping segm ents.

Com parison of th e  th e  tw o m ethods of spectral analysis (classical and 
FFT), is show n in Fig. 3.

Fig. 10. Penetration of the ”quan- 
tization noise” to the interval 

f  < f N

Rys. 10. Przenikanie „szumów  
dyskretyzacji” do przedziału 

f  < f N

A part from  the  above m entioned, there  are some o ther sources of 
erro rs in the  estim ations of spectral densities. If the  h ighest freąuency  
chosen is m uch below the  N yąuist freąuency , the energy  borne in  h igher 
freąuences is tran sfe rred  artificia lly  to the  band of low er freąuencies 
(Fig. 10). This so-called aliasing effect can be avoided by proper choice 
of the  h ighest freąuency  in  the  spectral analysis or by filtering  input 
data and rejecting  the  freąuencies f >  fN.

Fig. 9. "Parasitic” freąuencies 
around the m ultiples of the N y- 

quist freąuency  
Rys. 9. Układanie się częstotliwo-- 
ści „pasożytniczych” wokół w ie­
lokrotności częstotliwości N y- 

ąuista



S till another type of error, illu stra ted  in Fig. 11, is connected w ith 
the  inevitab le choice of the ąuan tization  level. This erro r was evaluated 
for the m anuał analysis of the  analogue records of the IBW -PAN w ire- 
-type w ave gauges. The following correlation function of the  erro r func- 
tion was obtained:

K ( t )  =  0.1 exp (— u  | t  | ) m 2; a  —  4.5 s_ 1 (22)

Since th is function  is close to the Dirac delta-function, the  respective 
w hite noise arises in the estim ate of spectral density.

For the reasons m entioned it is evident th a t the random  character- 
istics discussed m ust lie w ith in  some confidence intervals. The sta tis ti- 
cal d istribu tions of the  m ean value and variance of a random  process 
are  w idely known. In  the  case of the  Gaussian processes the  d istribu- 
tion of o*2 =  K *| (0) is of X2 — type, while the standard ized  m ean value
m  * . ITlx
_*_____ -  conform s to the  S tuden t d istribution.

The analysis of the  spectral density  is m ore complex. I t can be shown 
th a t the d istribu tion  of the ratio  of spectral densities,

S2 _s*2 o*2
g *2 —

s
(23)

S

is of the F (ni, n 2) type  as a ra tio  of tw o variables w ith  X2 distributions. 
Both degrees of freedom  of F (nj, n2) are the same. On the  basis of Eq. 
16., for a given confidence level a the  tru e  value S2 m ust be contained 
in the  in te rv a l

Sł2 • Fm, n2j t _ a <  s2 <  S*2 Fnt, 02; a/2 (24)
2

Cxpenm enioi aata neosurem enT scaie Fig. 11. The error of numerical
resolution

Rys. 11. Błąd kwantowania

O ther confidence in tervals are p resen ted in  the Polish tex t (Studia i Mat. 
Ocean. 12, 1975).

In the ligh t of the  resu lts  presented  herein  the  correlation-spectral 
analysis should proceed in the following steps:



i —  choice of th e  ąuan tiza tion  increm en t of the spectral density  as per
the  reąu irem en t of the  h ighest possible freedom

n =  2 Be ■ T =  2 ■ — A— N A t =  2 —  -► max. (25)
m A t  m

The m axim um  freąuency  fN is to be found from  an analogue record, 
as in Fig. 7, i.e. fN =  3-4-4 fw. Good represen tation  of the  spectral

2
density  is norm ally  w arran ted  by the  tim e increm ent At =  .o i N
A t the  sam e tim e, on the  basis of Figs. 1 and 4 one has to choose 
A t  th a t gives a sm ali e rro r of the num erical approxim ation of 
m ean value K n  and variance -̂D*

ii — determ ination  of the  in teg ration  in te rval of the correla tion  func­
tion, m A t .  A fter assum ing the ąuantization  step of the  spectral 
density, Be, (the spectral values separa ted  by A f >  Be are  not 
correlated) m  is given by

m  =  W i t  <26 >

3
The chosen value of m  m ust be g rea ter th an  —t— and conform  to°  a  A t
the  conditions of Eqs. 13 and 25.

iii —  choice of the tim e leng th  of the  tim e series N A t. The chosen value
of N m ust allow  for a high degree of freedom  (after Eq. 10, 13, and 
25) and m ust also be g rea t enough to satisfy the stipu lation  a  T :>> 1.

As a firs t approxim ation N =  —  can be taken, w here p2 is th e

m easure of the  re la tive  sąuare  erro r of spectra l density.
Exam ples of the  selection of the  param eters  of the  above data Pro­

cessing procedure are  given in  the Polish tex t published in S tudia
i M ateriały Oceanologiczne N r 12, 1975.
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ESTYMATORY STOCHASTYCZNYCH PROCESÓW GEOFIZYCZNYCH

Streszczenie

Korelacyjne i widmowe charakterystyki procesu losowego powinny być obli­
czane w  taki sposób, aby można było zminimalizować błędy wynikające z ich 
losowości, to jest rozbieżności w  stosunku do prawdziwych charakterystyk popu­
lacji generalnej. Przeprowadzona w  niniejszej pracy analiza tych rozbieżności i 
błędów obróbki danych pozwala wybrać parametry tych charakterystyk. Wybór 
ten musi być taki, aby krok kwantowania zapewniał maksym alizację stosunku 
długości próby czasowej T do elementarnego pasma widma mAt. Maksymalna 
analizowana częstotliwość fN powinna być trzy- czterokrotnie większa od naj­
wyższej częstotliwości wykrytej na zapisie procesu. Wybrana wartość m powinna 

3
być większa od —- i ma spełniać wymagania zależności (3, 8), m powinno być

dostatecznie duże, tak aby aT było znacznie większe od jedności.
Dokładność przekształcenia Fouriera przeanalizowano dla różnych postaci 

funkcji korelacji. Ważne jest, aby funkcja korelacji była przedłużana do przecięcia 
z osią odciętych.

Ważenie funkcji korelacji i gęstości widmowej powinno być optymalne. Za­
leżność optymalnej funkcji wagi od postaci funkcji korelacji ilustruje równanie (18).

Porównanie w yników klasycznej analizy widmowej i szybkiej transformacji 
Fouriera FFT zilustrowano na rys. 3 oraz przedyskutowano w  tekście zasadniczym.

W pracy określono także przedziały ufności podstawowych charakterystyk i 
omówiono specyficzne błędy.

REFERENCES
L IT E R A T U R A

A s t o k W. (1968), Issledovaniie meso- i makroturbulentnosti Bałtijskogo moria.
Autoreferat dysertacji,  Moskwa.

B e l a  j e v  B.M. (1964), W ybór in terwała diskretnosti i  ocenka poteri informacii 
pri zamene neprerywnych izmerenij gidrologiczeskich elementów dyskretnymi,  
Okeanologija, 3.

B e n d a t J.S., P i e r s o 1 A.G. (1966), Measurement and analysis of random data, 
Proceed. Symp. Time Series Analysis Edit. M. Rosenblatt, J. Wiley NY.



B e r g l a n d  G.D. (1969), A guided tour of the Fast Fourier Transform. IEEE 
Spectrum,  July.

B l a c k m a n  R.B., T u c k e y  J.W. (1958), The measurement of power spectra, 
Dover Publications. N.Y. 1958, także Bell Syst. Techn. Journal, 37.

C a v a d i a s  G.S. (1964), River flow as a stochastic process,  Proc., Symposium No. 
5. Statistics Methods in Hydrology, Ottawa.

C o o b y  J., L e n i s  P., W e l c h P .  (1967), The Fast Fourier Transform algorithm  
and its application, IBM Research.

C o o l e y  J., T u c k e y  J. (1965), An algorithm for the machinę calculation of 
complex Fourier series, M athematics of Computation, vol. 19 (90).

D r u e t  C., M a s s e l  S., Z e i d l e r  R. (1972), Statys tyczne charakterystyki fa­
lowania wiatrowego w  przybrzeżnej strefie Zatoki Gdańskiej i otwartego Bał­
tyku,  Rozpr. Hydrot., 30.

D r u e t  C., M a s s e l  S., Z e i d l e r  R. (1969), Badanie s truktury falowania w ia ­
trowego w  strefie przyboju  metodą w idm owych charakterystyk,  Rozpr. Hydrot., 
23.

F i s z  M. (1958), Rachunek prawdopodobieństwa i s ta tystyka  matematyczna,  War­
szawa.

H a n s e l  H. (1968), Podstawy rachunku błędów,  Warszawa.
H i n c h  M., C l a y  C. (1968), The application of the discrete Fourier Transform  

in the estimation of power spectra, coherence and bispectra of geophysical 
data,  Reviews of Geophysics, vol. 6, No. 3.

J a m p o l s k i j  A.D. (1965), O spektralnych metodach issledovanij okeanologiczes-  
kich processov,  Okeanologija, 5.

J e n k i n s  G.M. (1963), Cross—spectral analysis and the estimation of linear 
open loop transfer functions, Proceed. Symp. Time Series Analysis. Edit. M. 
Rosenblatt, J. W iley NY.

K o w a l i k  Z. (1968), Metody widm owych rozkładów energii, Rozpr. Hydrot., 22.
L e ż e n  A.S., P a n t e l e j e v  N.A. (1968), K  analizu diskretnych izmerenij nepre-  

ryw n ych  processov v okeane,  Okeanologija, 3.
L i v s z i c  N.A., P u g a c z e v  V.N. (1965), Verojatnostnyj analiz sistem avtom a-  

ticzeskovo upravlenija,  Moskwa.
M a l a k  L. (1973), Metodyka opracowywania w yn ików  badań doświadczalnych  

elementów właściwości morskich o charakterze stochastycznym,  Gdańsk.
M a t a l  a s  N.C. (1967), Some aspects of time series analysis in hydrologie studies,  

Proc. Symposium No. 5. Statistics Methods in Hydrology, Ottawa.
M a t u s z e v s k i j  G.V., P r i v a l s k i j  V.E. (1968), Filtracija vremennych riadov 

v gidrometeorologii, Okeanologija, 3.
M o n i n A.S., J a g ł o m  A.M. (1967), Statisticzeskaja gidromechanika. II, Moskva.
R o ż k o v  V.A. (1969), Rasczet statisticzeskich ocenok verojatnostnych charakte-  

ristik vetrovych  voln po dannym naturnych nabludenij,  Trudy Koord. So- 
veszcz. po Gidrom. Vyp. 50, Energia.

S w i e s z n i k o w  A.A. (1965), Podstawowe m etody funkcji losowych, Warszawa.
T i t o v V.B. (1968), Prostejszije prakticzeskije pri jem y ocenki spektra prilivnych

i inercionnych teczenij v  more, Okeanologija, 3.
Z e i d l e r  R. (1971), Filtracja funkcji losowych w  świetle trzech procesów z  dzie­

dziny hydromechaniki morza i cieków. Opracowanie wewn. IBW-PAN.

2 — O c e a n o lo g ia

i


