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1. INTRODUCTION

The Baltic Sea is a basin of relatively small size (area about 400 thou-
sand km2 volume about 21 thousand km3 [5, 25], A strongly developed
shore-line is characteristic of this sea, where several gulfs can be distin-
guished, i. e. the Gulf of Bothnia, Gulf of Finland, Gulf of Riga, Gulf
of Gdansk, which are isolated from the Baltic forming individual basins.
The sea bottom topography is diversified. Shallow-water (so-called
sandbanks) and deep areas (so-called deeps) occur alternately. Although
the maximum sea depth is about 460 m, its mean depth is only about
55 m [5], which reflects the variability of the relief.

The hydrological regime of the Baltic, temperature, salinity and
water density fields are formed under the influence of the inflow of
river and North Sea waters (about 480 and 1000 km3 yearly, respective-
ly), the share of which is considerable as related to the volume of the
sea [5, 25],

Dynamic processes resulting from interaction with the atmosphere
are highly variable due to the position of the Baltic at the interface of
the oceanic and continental inflows. Some predominance is exhibited by
the anemobaric systems with westerly winds [27],



The characteristic features of the Baltic Sea mentioned decide as
to the difficulties in the determination of its water dynamics. Despite
the great number of in situ measurements of currents, the problem of
Baltic: water circulation still remains unsolved. The high costs of the expe-
rimental investigations necessitate the determination of currents with
the help of theoretical models. Such models provide an approximate re-
presentation of the water circulation, nevertheless, the possibilities of
the estimation of currents and sea level for any anemobaric situation
stimulate the development of model investigations.

The problem of steady circulation in the Baltic Sea which was assu-
med to be a homogeneous water body, was the subject of several papers
[13, 14, 20]. Non-stationary processes in the homogeneous Baltic were
modelled by Svansson [26], Steady currents in the heterogeneous Bal-
tic Sea were considered in papers by Kowalik and Taranowska [16],
Sarkisyan et al. [22], Kowalik and Staskiewicz [15] and Simons [23].

The present paper constitutes the first part of a two-part cycle
concerning the hydrcdynamic-numerical (H-N) model to calculate stea-

dy wind- and density-driven circulation in the Baltic Sea. In this paper
we shall discuss theoretical bases of the model and consider wind-dri-

ven currents in the homogeneous Baltic basin. Taking advantage of the
H-N model linearity we shall assess the influence of the static field
of atmospheric pressure and river inflows upon the structure of the
wind-driven circulation in the Baltic Sea.

The density-driven currents will be considered in the second part
of the cycle [11]. We shall also compare the results of numerical compu-
tations with those of the in situ measurements of currents and sea level.

2. BASIC EQUATIONS

Steady currents in basins with small and mean depths can be descri-
bed by the following system of equations [3]:
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We assume:
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to be boundary conditions at the sea surface (z= £). Boundary condi-
tions at the sea bottom (z= -H) can be written as:

QAN-RM, = Raft 97 - RM 8,
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where:
u, v, w — components of current velocity along the

X-, y- and z-axes of the coordinate system,
the origin of which lies on the free sea
surface, the x-axis is directed to the east,
y-axis to the west and the z-axis — verti-
cally upwards;

U V. \&/ ii VWV i — components of current velocity on the sea
Vii WE/ Um,V h> . surface and bottom,
p — hydrostatic pressure,
pa— atmospheric pressure at the sea surface,
£ — ordinate of the sea surface, sea level,
QN — water density,
g — gravity,
A — coefficient of the vertical turbulent excha-

nge of momentum,

Q= 2d sin @ — the Coriolis parameter,
where m 7.29 X 105 s'l is the earth’s angu-
lar velocity of rotation, @ — the latitude,



xx, zy — components of wind stress at the sea su-

rface,
— sea depth,
J hGOU dz
N A
Yy - — mass transport components along the x-
"M and y-axcs, respectively,
R — the friction coefficient at the sea bottom.

It was assumed in the above equations that the coefficient of the tur-
bulent exchange of momentum, A,, is a function of (x, y), the bottom
stress components (8) being proportional to the mass transport compo-
nents.

The system of equations (1—4) includes four dependent variables: u,
v, w, p. The number of boundary conditions (5—9) is insufficient as there
is no condition concerning velocity current components at the lateral
boundary. For the system of equations {1—9) the proper lateral condi-
tions can be fitted only for the mass transport components. Therefore
it is necessary to transform the basic equations and to introduce the
new dependent variables: mass transport components and sea level. It
leads to the proper formulation of our boundary — value problem.

To achieve this, let us integrate hydrostatic equation (3) from the
depth z to the sea surface z= % Taking into account boundary condi-
tion (5) we obtain:

%
P=Pa +9 (109

Water density Qv can be expressed as a sum:

Qw=Qo+Q
where:
g — water density anomaly,
Q@ — mean water density for the whole sea.

Substituting expression (11) in (10) we obtain:

P=Pa+C09 (£"z) + sj<?dr d2)
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The integral in the above equation will be written in a different form:
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As the density anomalies are small (9 Q) we can omit the last term
on the right-hand side of equation (13). Finally, equation (10) concerning
pressure p can be written as:

0
p = Pa+Q09 (g-z )+gJdgqdr? @
Z

Differentiating expression (14), consecutively with respect to x and v,

we obtain equations for----(—j ----- and----—-——--—- Taking into account that
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we can write the system of equations (1—12) in the following way:
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Assuming that the atmospheric pressure pa sea level |, and water

density 0 are known, equations (16) and (17) resolve into an equation
for complex velocity D= u + iv:

0-pD=6 1

where:
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Taking into account that gq'Cqo we obtain boundary conditions (6)
and (8) for the complex velocity D:

QoA fj =T for z=S=0 (¢0)]
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where:
T=Tx+iTy , M= Mx +iMy (22,

Integrating equation (18) with conditions (20) and (21) we obtain the
analytical expression for the calculation of velocity:
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where:
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The problem of the assessment of circulations would have been com-
pleted if the values of the sea level and mass transport had been

known. Now we shall try to find a method by which to calculate these
quantities.



3. MASS TRANSPORT AND SEA LEVEL EQUATIONS

To estimate the sea level and mass transport components one can trans-
form equations (16) and (17) in such a way that by eliminating the sea
level we obtain one equation for the stream function W (6, 7, 13, 14).
In our model we will apply a different method using the relation
between steady and non-statdonary processes, created by the generating
forces which are constant in time (wind, water density field). Equations
(16) and (17) will be written in a non-stationary form:
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Continuity equation (4) and boundary conditions (6, 8, 9) will be left
unchanged. Boundary condition (7) for vertical velocity at the sea sur-
face will be modified:

0S O0f 07 fir ., . n (30)
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As the required quantities u, v, w, | are now also functions of time,
thus apart from boundary conditions (6, 8, 9) and (30), the initial con-
ditions should be formulated as for example:

UzV=W= 5=0 (3

Integrating equations (28, 29, 4) from the sea bottom (z= —H) to the
surface 2= 570, taking into account boundary conditions (6, 8, 9, 30)
and assuming that |CH we obtain a system of equations for mass
transport and the sea level *:

N-Q M y=TxX-RMx-QOgH | |;JH]? Sx 32)
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* On deriving equations (28, 29), the expressions qou-——- and gov-—- , the,
3t 3t

order of which is less than that of the remaining terms have been omitted.
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The initial conditions for the system of equations (32— 34) are assumed
as follows:

Mx =Mv = E =0 for t=U

We will formulate boundary conditions for the mass transport compo-
nent normal to the contour L of the basin shore line:

M | 0 - at the solid boundary
niL $>(L) - at the Liquid boundary

where:

O(L) — water budget at the liquid boundary.

Setting the values of forces generating tangent wind stress -t«x, ty. wa-
ter density q and values of physical parameters R, A, Q, g of the model,
the system of equations (32—34) can be integrated in time. Generating
forces are assumed constant in time, therefore after a certain period
a steady state will be attained which is the result of the energy dissipa-
tion due to friction of liquid against the bottom and the shores of the
basin. When mass transports and sea level are known from equation
(23), horizontal components of the velocity of current can be calculated
and from continuity equation (4) we can estimate vertical component
w of current velocity.

The system of equations (32- 34) for mass transports and sea level
is one of differential equations including three dependent quantities,
i.e. Mx, My and £ Boundary condition (38) determines the values at
the sea shore form mass transport components only. Formulation of
a boundary condition, which is physically proper, for the sea level, is
complicated. This problem can be omitted if a special differential sche-
me is employed for numerical solution of the equation system (32- 34,
38). However, the question arises as to whether the number of bounda-
ry conditions is sufficient for the investigated equation system to have
a unique solution. We shall now deal with this problem.



4. UNIQUENESS OF THE SOLUTION OF THE EQUATION
SYSTEM (32—34) FOR MASS TRANSPORTS AND SEA LEVEL

Considering the boundary problem for differential equations, we add
boundary and initial conditions in order to determine a unique solution.

In this connection questions arise concerning two basic features of the
boundary problems:

— the existence of the solution — i.e. if a solution exists for given
boundary and initial conditions, and if there are such conditions, among
the ones given, which exclude each other,

— uniqueness of the solution — i.e. assuming that the solution
exists one should prove that the number of conditions is sufficient for
the boundary value problem to have one and only one solution.

Demonstration of the existence of the solution is strictly related to
the method of solving the equations and is usually rather complicated.
For the system of equations (32— 34) for mass transports and sea level,
the existence and uniqueness of the solution upon the application of
the generalized equations theory (18) were proved. Uniqueness of the
solution of equations (32— 34) can easily be proved. In order to attain
this let us consider circulations in a rectangular basin ABCD with
a surface area S and a shore line contour L (Fig. 1). We shall formulate
our problem in the form of a theorem.

Fig. 1. Model sea basin.
Rys. 1. Modelowy akwen morski

Theorem:

If functions Mx, My, £ are well-defined and continuous, together
with their derivatives, in relation to space and time in area S within
the boundary L, for time t> 0, and if the coefficients in equations
(32— 34) are continuous within area S including boundary L, then the
equation system (32— 34) with the initial (37) and boundary (38) con-
ditions has a unique solution.



Proof:

Assume that the theorem is false and the equation system studied
with' given conditions has two different solutions which are symboli-
cally denoted in the following way:

m R1 = My  51) (39)

R2=(M2,M2, @ (40)

The equation system (32— 34) is linear so the superposition of solutions
(39) and (40) will also be its solution (4). Let us take into account a so-
lution being the result of the difference between (39) and (40). It can
be written symbolically as:

R® =(K<" Mxm My -M" . CI-C2)  (41)
or introducing a new notation Mx°, My°, |°

RO = (M. M, Q0) (42)

Substituting solutions i?i and R2 into equations (32— 34) and subtracting
the sides of the equations we obtain a homogeneous system of equations
with which to solve R°:

-g M HRM*+@H"- =0 [43,

I f +<2W +rmb5 +e0ghff=o0 [44,

Siu- . L1 9V° O9MA
ot qg \0Ox Oy J (45)

Carrying out analogical considerations for boundary conditions (37) and
(38), we obtain boundary and initial conditions for the system (43— 45):

M° =M° = =0 for t=0 (46)

M - 0 147,



We shall prove that the system of equations (43—45) with boundary
conditions (46) and (47) has trivial solutions equal to zero. To do this,
let us multiply equation (43) by >equation (44) by “ jj" and

equation (45) gy |°. Adding up the sides of the equations, after simple
transformations we obtain:

a ? IM* ' M? ) $«? - *m?) m
= 48,
We now integrate the equation obtained in area S:
- llsrtliH « -jCoa«0Z] *A IM f .M )dx<Jy -
S
«
= d*dy. (<
Applying the Green formula to the right-hand side we obtain:
mJ|!'t2SHM 'M?)de=sS@*" 5IMf*M” }dxdy =
=gj (-M°5°dx + M°5°dy ) (50)

L

Integrating along contour L of the border line of area S and taking
into account boundary condition (47) we have:

gJ (-My5° dx +Mx8°dy) =0 (61
L
Integrating equation (50) in relation to time, from t= 0 to t= T and
taking into account initial condition (46) and equality (51) we obtain:

Hence:
t /-

_L(M 02+M02) +-P,gS@2+ f-4:(M°2+M°2) dt =0 53
2Q0H  x * 2 J Qoh y
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All components on the right-hand side are positive. Equality (53) is true
when the following relations are fulfilled:

=0; M6 =0; S°h0 (54)

We have proved that our assumption of the existence of two different
solutions is false. Hence, the system of equations (32—34) with the
boundary conditions (37) and (38) has a unique solution.

5. ANALYSIS OF EQUATIONS OF MASS TRANSPORT
AND SEA LEVEL

< Let us consider a stationary form of the equation system (32— 34)
for mass transport and sea level:

RM- * SM, (
«M> . SM>=T,-eogH|i.H]|B,.S} &al
3M,, 3My
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Let us define the mass transport components as those of a flat, two-di-
mensional vector M of mass transport. Regarding the field of the mass
transport vectors, wWe shall employ the method of the field theory,
estimating its rotation and divergence. In respect of a flat vector field,
only the component of field rotation along the z-axis will exist. The-
refore the rotation vector should be treated as a pseudovector. Equa-
tion (57) immediately gives the expression for the divergence of the
mass transport vector field:

oM m =dvM=0 (59
3X 3y

Hence, it can be concluded that in the field of M vectors there are neith-
er positive nor negative sources of liquid. To calculate the z component
of the rotation of the transport field we assume that the Coriolis para-
meter depends only on latitude [3]:



Q =Q° + Py (59
where:

£2° — a constant quantity,

B= -dQ- = const.

We determine the mass transport components Mx, My from equations
(55) and (56):

-H(Ra7*n” )" RS« -iis»i (60)
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The z-component of the rotation of the mass transport vector field can
be calculated from the formula:

. 3My  6MX
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Differentiating expression (60) relative to y, and (61) relative to x and
substituting in formula (62) we obtain:

rotM = {0(2nM ,-T>.eogH g.H |fe.S>)*
k]

+ QOgH<T2A5 + Hi?ApQ- R (rot?S -rotZl) - 52(divT - divS)+
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where:
S — vector wikh the components Sx, Sy,

x — vector with the components tx, ty

G WS = 3V« BV ? = iy tK
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where i, K — versors along the x- and y-axis, respectively,

Let us consider the individual terms in expression (C3). Terms
denominated by | describe the share of the so-called 0-effect in the
rotation of~the field of mass transports. Consecutive terms, Il and I,
relate rotzM to the sea level and the atmospheric pressure fields. It is
known from mathematical analysis that the second derivative descri-
bes the smoothness of the function. In our considerations it concerns
the smoothness of the c and p» fields. Tih® relation of the rotation of
the mass transport field with the divergence and rotation of the
field of generating forces, i. e. the tangent wind stress and the
stress due to the heterogeneity of sea water density, is expressed by
terms IV and V Subsegent terms relate rotzM to the gradients of
atmospheric pressure, sea level and sea depths (terms VI and VIII)
and to the derivatives of these quantities (terms VII and IX). The
remaining terms describe the share of the variability of the friction
coefficient at the bottom and its relations with the sea level and atmo-
spheric pressure, in the rotation of the field of mass transports.

A decisive role in the formation of the field of mass transport
is played the genetratling ferces '(.vectors x and S) and the sea bottom
topography Therefore relation (63) can be used in a qualitative asses-
sment of the correctness of the results of the mass transport model
calculations



6. PHYSICAL PARAMETERS AND GENERATING FORCES

As the aim of the present paper is to investigate wind-driven circulations
in the homogeneous Baltic Sea, we shall omit the effects due to the
heterogeneity of sea water, which will be discussed in the second part
of this paper [11], In the case of a homogeneous basin the system of
equations (32— 34) for mass transport and sea -level can be written as:

EMy=Tx-RMx-QogH ]!--Hg-a (64)

£M X=Ty- RMy -SogH”"- (65,
asS _ _ 1 13MX smy\
3t 50 3x oy / (66)

Expression (23) used to estimate the velocity of current can be reduced
to give the following expression:

D t chp~H+z) RM chpz |g ./3g 3£\
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The system of equations (64— 66) for mass transport and sea le-
vel can be solved by mumeiriical metthicidfe only, e. g. applying the H-N
diffefential (scheme [9, 10], Distribution of the nodes of the H-N
numerical grid inscribed into the area of the Baltic Sea, with a spa-
tial step equal to 5 nautical miles, is presented on the map in Fig. 2

The application of the above H-N medel to investigate currents
in the Baltic Sea requires explanation. The model is based on hydro-
static equation (3) describing the vertical motion of liquid. Currents
with high acceleration and vertical velocities can therefore be exclu-
ded from our considerations. Characteristic of the Baltic is its highly
diversified bottom topography so that approximating the depth field
by (numerical grid, we obtain rapid fluctuatioins of depth an proceeding
between (neighbouring ncldes of the guild (Fug. 3).

This will generate strong vertical circulations which are not described
prcper-ly by the H-N model amidl may cause instability in numerical
solution of the mass transport and sea level equations (32—34) or
(64— 66), thus causing divergence of the solution [28]. To avoid this,
one should smooth out the depth field, e. g. by the following formula:



Fig. 2. H-N numerical grid for the Baltic Sea.
Rys. 2. Siatka numeryczna H-N dla Morza Battyckiego.



Fig. 3. Example of an approximation
=t the Baltic bottom topography by
means of the H-N numerical grid.
Rys. 3. Przyktad aproksymacji dna
Baltyku za pomocg siatki nume-
rycznej H-N.

where:

m, n — indexes of the numerical grid,

Hmn, Hwmn — true and smoothed depth in the node (m, n).
The effect of the smoothing out the bottom by expression (68) is shown
in Fig. 4 for several profiles, the distribution of which -in the Baltic
area is shown on a schematic map in Fig. 5 Fig. 6 shows the smoothed
depth field of the Baltic Sea.

In our considerations, the coefficient of vertical turbulent exchan-
ge of momentum, A, is assumed to be a function of x, y and is calcu-
lated using the Felzenbaum theory [6]:

A =0.54*10 WaH if (99)
where: A=47 *1O ~ if H> Hk (70)

Wa — modulus of wind 'velocity,

Hk=8.7 *10 W is the depth separating shallow and deep the sea areas.



profile 7-8

-------- smoothened depth
gtebokos¢ wygtadzona

-------- reai depth
gtebokos¢ rzeczywista

profile 3-4

Fig. 4. Effect of smoothing of the depth field according to expression (68) for

selected depth profiles.
Rys. 4. Efekt wygtadzania pola gtebokosci wedtug wzoru

profili.

(58) dla wybranych






Fig. 6. Depth field of the Baltic Sea prepared for the calculations using the
H-N model. Numbers on the isobaths indicate the sea depth in metres.
Rys. 6. Pole gtebokosci Morza Baltyckiego przygotowane do obliczen za pomoca
modelu H-N. Liczby przy izobatach oznaczaja gtebokosSci morza w metrach.



The bottom friction coefficient, R, can be estimated using the analyti-
cal relation [13, 28]:

R=-F¢£ )

The determination of wind stress components Xx ty, which constitute
the generating forces in equations (64) and (65), needs some explana-
tion. In model investigations of wind-driven currents, formulae based
on the Akelbroom model [3, 21] were widely applied:

X'V 2Qa5?' 0x 3y (72)
1 =. SSAHHkes. scq e)
> vV 2cag? '0X 0Oy 1 131

where:
@ — air density,

Aa — coefficient of the vertical turbulent exchange c¢f momentum
for the atmosphere.

In our opinion, the application of these formulae presents certain dif-
ficulties. The problem consists- in the determination of the coefficient
Aa of turbulent exchange of momentum, as we'll as wind stress com-
ponents xxxy in the case of winds of constant velocities (pa = const).
The latter problem concerns, in particular, small sea basins where the
constant velocity approximation is acceptable. The next difficulty ari-
ses from the fact that expressions (72) and (73) give the deviation an-
gle @ for the wind stress vector from the isobar, equal to 45°. Investi-
gations of dynamic processes in the atmospheric boundary layer above
the sea indicate that angle is smaller and is of the order of 15 — 20°
[30].

These problems can, to some extent, be solved by employing a dif-
ferent way of estimating xxxy, i. e. using the analytical dependence of
tangent stress upon the wind velocity [6, 29]:

Tx= 8WQOWX  (74)

iw Qv (75)
where:

Wxj Wy — wind velocity components along the x- and y-axis, re
spectively,
v = 3.25X.10'6.



To estimate the wind velocity above the sea we use formulae for
the calculation of geostrophic wind velocity [8, 24]:

w, =B (761
where:

- & = horizontal gradient of atmospheric pressure (in m/100 km).
Ctn

We assume coefficient B to depend only upon the difference in tempe-
rature tw and fa of water and air, respectively, at the sea-atmosphere
interface, the data being taken from paper [8],

Values of coefficient B

A---ta—tw A<—20°] —2.0°<A<0.0° 0.1°<A<0.5° A> 0.5°
B 5.17 4.97 4.66 3.95

In calculations of a heterogeneous wind field, the mean atmospheric
pressure field obtained over a period of many years for August (Fig.7)
and elaborated by the Maritime Branch of the Institute of Meteorology
and Water Management in Gdynia, were used. The field of water tem-
perature on the sea surface was taken from the atlas by Lenz [17], and
the field of water temperature above the sea was obtained from Prof.
F. Defant from the Kiel University.

The geostrophic wind velocity was calculated by means of expres-
sion (76) and assuming the angle of deviation of the wind velocity vec-
tor from the isobar to be P = 15° the wind field over the Baltic for
August was obtained (Fig. 8).

Low wind velocities are characteristic of the wind field calculated,
the maximum velocities not exceeding 5 m s"L West and south-west
winds prevail. South winds predominate only in the northern part of
the Gulf of Bothnia.

7. BAROGRADIENT EFFECT
Analyzing equations (64) and (65) we can see that besides the tangent

wind stress forces, terms involving atmospheric pressure are also fa-
ctors which generate the circulation:



Fig. 7. Atmospheric pressure field [mb] for August (1951— 1960).
Rys. 7. Pole cisnienia atmosferycznego [mb] dla sierpnia (1951—'1960) opracowane
przez Oddziat Morski IMGW w Gdyni.



Fig. 8 Wind field [m s-1 for August.
Rys. 8. Pole wiatru [m s_] dla sierpnia.
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In the case of non-stationary circulation, spatial heterogeneity of the pres-
sure field causes a specific configuration of the free sea surface, resulting
in the occurrence of so-called barogradient currents [6], If steady circu-
lation is considered, the influence of spatial heterogeneity of the pre-
ssure field will appear as a corresponding configuration of the free
sea surface. The H-N model used ro investigate circulation in the
Baltic Sea [10, 12] is based on a non-stationary system of equations
(64— 66) for mass (transport and sea level with time constant generating
forces (tangent wind stress and pressure). Integrating equations (64— 66),
after some time we obtain a steady state which is the result of energy
dissipation due to the friction of liquid against the sea bottom. On
approaching a steady state circulation, barogradient currents will be
created, which should disappear in the course of time.

Taking into account the linearity of the system of equations for
mass transport and sea level, the phenomenon of barogradient currents
and its influence on the results of calculations of currents can be de-
monstrated. To attain this, let us consider the mass transport compo-
nents mMx, My and the sea level I, as the sum of dynamic components,
generated directly by the tangent wind stress, and static components
which are due to the heterogeneity of the atmospheric pressure field *

Mx =My +m; @)
My = Ms +Mj (79

C =G +¢ (80)

where:
Mxc, Myc, le — static components,
Mx', My’ — dynamic components.

Substituting equations (78— 80) into equation system (64— 66) we obtain
two systems of equations: one for dynamic quantities:

9P - i2My =1x - RMX - QOgHgX @)
oMy 3p-
at " Q09H Oy <82)

* This assumption is artificial, as in reality a heterogeneous field of atmospheric
pressure immediately produces a wind.
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and the second for static components:

- fim; = -rm; -eogHf’-H]E-" 84)

= -RMj -QOgHITT_Hfe (65)

8¢c _ 1 /3Mx 9MS\
3t Q@ 13x + 3y ) n

Carrying out analogical considerations for current velocities, from for-
mula (67) we obtain the expression for the calculation of static compo-
nents of current:

Dc=. EML £hPiL_ _1_ i(8po+i9P0) + g.i( 31°~r "
QP1A sh PtH cq®2 3x 8y 1 Q 13x 3y 1 1

where:

Dc = uc+ ive Mc = +iMy (88)

For steady circulation, i.e. when barogradient currents (static compo-
nents) are equal to zero, we have:

uc =vc =0 Mx = My m=0 (89,
OPa 3IC

(90)
3pa 3fc

37 =" Qo9gy (91

nc. 1 .,3pa .3pa g .ASC;C 3~c,
"ei2 ~"3x+13y"+ G2, T3x+i37)::0+ 10 @

Equations (90) and (91) indicate that system of isolines of the sea leve!
(static component) and that of isobars of the atmospheric pressure field
should be identical. Taking into account equations (84—86), also boun-
dary and initial conditions (37) and (38) written for static components
we can calculate the barogradient circulation in the Baltic Sea.



The mean pressure field for August (Fig. 7) was taken as an exem-
plary atmospheric pressure field. Numerical calculations were carried
out using the H-N wumari'cal scheme [9, 10]) the spatial step h of the
numerical grid being 5 nautical miles, and the time step At= 60 s. The
attaining of a steady state of dynamic processes in the Baltic was obser-
ved cm the example of the sea level. Exemplary 'oscillations of the free
sea surface occurring during calculations at a given point in the Baltic
basin, are illustrated in Fig. 9. The following expression was assumed
as the criterion for the steady state of the level:

B mm,nX m/n _Erﬁ1n.|§e(r) 1sJ)
where:
m, n — indexes of the numerical grid,
2A* — sea level ordinates at two consecutive time
vAw.-n SV Steps t and t + 2 At, respectively.

Values of the parameters R and A were estimated according to relations
(69— 71) using the wind field for August (Fig. 8). The results cf the cal-
culations of mass transport, sea level and currents on the sea surface,
are shown in Figs. 10— 12.

The mass transport field (Fig. 10) is of a residual character. The
values of mass transport are not high and do nqt exceed 1.6 X 103g
cm-1s'Ll The sea level (Fig. 11) changes from -1.8 cm in the Gulf of
Bothnia to 2.0 cm in Gdansk Bay. The configuration of sea level isolines
is very similar to the distribution of isobars of the atmospheric pressure
field (Fig. 7). The system of current velocity vectors on the sea surface
(Fig. 12) is similar to the isolines for the free sea surface (Fig. 11). This
fact is justifiable as these are gradient currents [3]. The values of the
currents attain 1.4 cms'l

Let us discuss the results obtained. The sea level field calculated
according to the above considerations, is related to the atmospheric
pressure field; compare equations (90) ainid (91). The values of currents
and transports are high compared with the expected values, which are
close to zero. Let us now explain this discrepancy by the following
example. Numerical calculations were carried out with an accuracy of
Eb= 0.005 cm. Assume that at one of the nodes of the numerical grid,
the calculated level 5C differs from that determined in reality, which
was generated by a static pressure field Jcr, with the value 8 = 0.05 cm:

iy
¢ -3y WA
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Fig. 9. Free sea surface variations during computations at a given point in the

Baltic for barogradient circulation.
Rys. 9. Oscylacje swobodnej powierzchni morza w czasie obliczen w wybranym

punkcie Battyku dla przeptywoéw barogradientowych.



Fig. 10. Mass transport field [10s g cm-1s-1 in the Baltic Sea (homogeneous basin)
for barogradient circulations.

Rys. 10. Pole wydatkéw masowych [10s g cm-1 s-1 w Morzu Battyckim (akwen
jednorodny) dla przeptywéw barogradientowych.



Fig. 11. Sea level field [cm] in the Baltic Sea (homogeneous basin) for barogra-

dient circulations.
Rys. 11. Pole poziomu morza [cm] w Baltyku (akwen jednorodny) dla przeptywoéw

barogradientowych.



Fig. 12. Field! of currants [cm s-J on the Baltic surface (homogeneous basin) for
barogradient circulations.
Rys. 12. Pole pradéw [cm s-1 na powierzchni

Morza Battyckiego (akwen jedno-
rodny) dla przeptywéw barogradientowych.



The ordinate of the sea level £cr fulfils relations (90) and (91) exactly,
thus substituting equation (94) into formula (92) for the current velo-
city, we obtain:

~*%2 va< Mpay) dar)

Assuming: g” 103 cm s'2 Q«10'4 s'1 and A:= Ay= 2h— IOMm
« 2X 10®cm, we obtain the order of magnitude of the components and
modulus of the current velocity:

uc =vc s 0.25 cms'l Iv] a 0.35 cm/s (96)

Assuming that the sea depth at the point of the Baltic considered is
H= 50 m= 5X103cm we can estimate the order of magnitude of the
mass transport components:

Mx = My s 1.25-103 gcm '1s'1 97)

This corresponds to the value of the modulus of the mass transport
vector:

IM la 1.76-103 gcm 'V1 (98)

The example presented to estimate the values of currents and mass
transport ‘indicates that the results 'of our numerical calculations are
correct. To obtain the values of the components of mass transport and
currents, which are close to zero, it would be necessary to carry out
computations with high accuracy. This is not necessary for practical
purposes. One should explain that the criterion for the steady state of
sea level (93) characterizes the changes of level in time and is not di-
rectly related to the spatial distributions of sea level. We have in mind
the adaptation of the free sea surface topography to the atmospheric
pressure field which is spatially heterogeneous.

8. WIND-DRIVEN CIRCULATION

Now we are going to consider wind-driven circulation generated by
a wind field which is heterogeneous in space (Fig. 8). We shall omit the
barogradient effect which has been discussed above, i.e. we assume that
pa= const, and also omit inflows of river waters (closed basin). To
assess the influence of the wind field heterogeneity on the dynamics of
the mass transport field, model computations will also be carried out
for winds of constant velocity over the Baltic basin. Numerical compu-



tations were canned out using an H-N differential scheme [9, 10].
with a time step of 120 s.

Exemplary oscillations of the ordinate of free sea surface during
calculations at a chosen point of the Baltic for heterogeneous wind are
shown in Fig. 13. The mass transport and sea level field calculated for
such wind are shown in Figs. 14 and 15.

Fig. 13. Sea level variations during computations at a given point in the Baltic
for heterogeneous wind (Fig. 8).

Rys. 13. Oscylacje swobodnej powierzchni morza w czasie obliczen w wybranym
punkcie Morza Battyckiego dla wiatru niejednorodnego (rys. 8).



Fig. 14. Mass transport field [105 g cm-' s-1 in the Baltic (homogenous basin) for
heterogeneous wind (Fig. 8).

Rys. 14. Pole wydatkéw masowych [10s g cm-1s-1] w Baltyku (akwen jednorodny)
dla wiatru niejednorodnego (rys. 8).



Plg. IS. Sea level field [cm] in the Baltic (homogeneous basin) for heterogeneous
wind (Fig. 8).

Rys. 15. Pole poziomu morza [cm] w Baltyku (akwen jednorodny) dla wiatru nie-
jednorodnego (rys. 8).



Characteristic of mass transport field (Fig. 14) is a complex system
of gyres (direction of the circulation is counter-clockwise). Anticyclonic
gyres occur in the Gdansk Deep and in the Gulf of Bothnia only. The
distribution of gyres in the mass transport field is related to the con-
figuration of isolines of the sea level field (Fig. 15). The relation between
these two quantities results also from the equation for the rotation of
the mass transport field (63), which, for the case under consideration,
can be written as:

r02M = g2lp2 | +Rrot2™ " Q dV* + +

+ Q@gRJ(¢,H) +¢0gHJI(¢,R) +g (Ty+2RMy)-N(Tx-2RMx)- (99)

Comparing the configuration of isolines of the sea level field and
the distribution of gyres of the mass transport field with the wind field
(Fig. 8) we note the influence of the wind field rotation upon the re-
presentation of the transport and sea level fields. It can be also inferred
from rotation equation (99) that friction against the bottom and the
bottom configuration should share in the formation of mass transport
and sea level. In order to separate the influence of the wind field hete-
rogeneity upon circulation, the calculations of mass transport and sea
level were carried out for a west wind with a constant velocity
ffa= 5m s'l (Figs. 16 and 17). In this case, the distribution of rotations
of the transport vectors is also related to the sea level field isolines
(Fig. 17), the location of gyres is, however, closer related to the sea
bottom configuration (Fig. 6). If gyres occur in the wind velocity field,
even when the wind velocities are low, they decide as to the gyre di-
stribution in the mass transport and sea level fields.

Maximum values of transport for heterogeneous wind and for wind
of a constant velocity are 0.3X105 g cm'l s"1 and 1.1X 105 g cm'l s'l
respectively. The sea level also varies, to a greater extent for wind of
constant velocity (from —11.4 cm to 8.0 cm), whilst in the former case,
from —3.2 amto 1.9 cm.

Let us now analyze the results of the calculations of currents.
Fig. 18 shows the field of current velocities at the sea surface. The
configuration of the vectors of currents is similar to that of the wind
velocity vectors (Fig. 8). For a more detailed analysis of current fields,
we classify the currents as drift and gradient, which we calculate accor-
ding to the relation obtained from formula (67):



Fig. 16. Mess transport field [10s g cm-1 s-] in the Baltic (homogeneous basin)
for a west wind of constant velocity Wa= 5 m s-1

Rys. 16. Pole wydatkéw masowych [10s g cm-1s-] w Baltyku (akwen jednorodny)
dla wiatru zachodniego o statej predkosci Wa =5 m s-1



Fig. 17. Sea level field [cm] in the Baltic (homogeneous basin) for a west wind of
constant velocity Wa= 5m s"1

Rys. 17. Pole poziomu morza [cm] w Battyku (akwen jednorodny) dla wiatru za-
chodniego o statej predkosci Wa= 5m s 1
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denote the drift and gradient part of the complex transport.

Fields of drift and gradient currents on the sea surface are shown
in Figs. 19 and 20. Analyzing Fig. 19 one can see the similarity between
the scheme of vectors of drift current and those of wind velocity (Fig. 8).
Gradient currents (Fig. 20) attain fairly low velocities, the distribution '
of the vectors being correlated with the configuration of sea level isoli-
nes (Fig. 15). The spatial image of the field of wind-driven currents can
be supplemented by vertical distributions of the components of the ve-
locities of full, drift and gradient currents at chosen points in the Bal-
tic (Figs. 21 and 22). These figures also give the values of the Ekman

friction depth, De, which were calculated according to the analytical re-
lation:

Dg =jl V (104)
also D* estimated by means of the following relation [3]:

vA,Z 0.043 Vo (105)

where:
T - -
Vo — modulus of the drift current velocity at the sea surface,
T
ud — modulus of the drift current velocity at depth D*.

The values of De and D* are very close. The analysis of Figs. 21 and 22
indicates that the drift currents disappear rapidly with the increasing
depth. Gradient currents reach the bottom and do not exhibit any chan-
ges except for a thin layer near the bottom where they undergo a slight
transformation.



Fig. 18. Field of currents [cm s-1 on sea surface in the Baltic homogeneous basin
form heterogeneous wind (Fig. 8).

Rys. 18. Pole pradéw [cm s-1 na powierzchni Morza Battyckiego (akwen jedno-
rodny) dla wiatru niejednorodnego (rys. 8).



Pig. 19. Field of drift currents [cm s-1 on sea surface in the Baltic (homogeneous
biisiin) for heterogeneous wind (Fig. 8).

Rys. 19. Pole pradéw dryfowych [cm s-1 na powierzchni Baltyku (akwen jedno-
rodny) dla wiatru niejednorodnego (rys. 8).



Fig. 20. Field of gradient currents [cm s-1 on sea surface in Baltic (homogeneous

basin) for heterogeneous wind (Fig. 8).
Rys. 20. Pole pradéw gradientowych [cm s-1 na powierzchni Battyku (akwen jed-

norodny) dla wiatru niejednorodnego (rys. 8).



Fig. 21. Vertical structure of the current velocity [cm s'g in the Baltic (homoge-
neous basin, heterogeneous wind Weld) alt point: <f <=57°>28 N, \ = 20“i4' E: a) total
components, b) drift components, c) gradient components.

Rys. 21. Struktura pionowa predkosci! pradu [cm s-] w Baltyku (akwen jednorod-
ny, niejednorodne pole wiatru) w punkcie o wspétrzednych < = 57°28' N, \ = 20c14*
E: a) sktadowe peine, b) sktadowe dryfowe, c) sktadowe gradientowe.
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Fig. 22. Vertical structure of the current velocity [cm s-'] in the Baltic (homoge-
neous basin, heterogeneous wind field) at point: ip = 55°19' N, X= 16°36 E: a) to-
tal components, b) droit components, c) gradient components.

[cm s*] w Baltyku (akwen jed-

Rys. 22. Struktura pionowa predkosci pradu
niejednorodne pole wiatru) w punkcie o wspéirzednych = 55al9'" N,

norodny,
y = 16°36' E: a) sktadowe .petno, b) sktadowe dryfowe, c) sktadowe gradientowe.



9. CIRCULATION DUE TO THE INFLOW OF RIVERS INTO
THE BALTIC

The linearity of the H-N jmodel einableis the estimation of the water
circulation generated by the inflow of river waters into the Baltic ba-
sin. Assuming the components of tangent wind stress in equations (64—
65) to be equal to zero (tx= ty= 0) and pa= const, and assuming the
river inflows in the boundary condition (38), we obtain a system of
equations suitable for the estimation of river circulation in the Baltic
Sea. The values of river inflows (mean values for August in 1961— 1970)
worked out by Mikulski [19] (Table.2) were used in the calculations.
The results of numerical calculations are illustrated in the maps of
mass transport, sea level and currents at the sea surface (Figs. 23—25).

The mass transport field (Fig. 23) is characterized by the specific
configuration of the transport vectors. Water masses carried in by the
rivers, travel from the river mouths towards the Danish Straits along
the isobaths of the depth field (Fig. 6), under the influence of gravita-
tional and Coriolis forces. The values of the mass transport are low and
do not exceed 3X 103Scm 1 s'1-

The distribution of the sea level isolines (Fig. 24) and the vectors
of currents at the sea surface (Fig. 25) are similar to the vectors of
mass transport. Maximum values of current velocities occur in the vi-
cinity of the Danish Straits and amount to 2.5 cm s'L Extreme values
of the sea level also occur in this reigii‘cm and axe of the order of —1.4cm.

10. CONCLUSIONS

The results of the calculations of wind-driven circulation in a homoge-
neous baisim indicate that the H-N model employed vyields results
which are qualitatively coinsfistent with the Ekman theory of wind-dri-
ven currents (compare e.g. [3]). The relation of the rotation of the mass
transport vector field to the sea level and wind fields, and to the sea
bottom configuration, obtained by theoretical considerations (63, 69),
was confirmed during the analysis of the results of the calculations.

In the author's opinion, the H-N model can be successfully
employed for model investigations of wind-driven circulation in basins
of medium depths. The weak point of the investigations lies in the man-
ner of estimating the wind velocity above the Baltic (heterogeneous
wind field in August — Fig. 8). Investigations by Defant [2] and Tara-
nowska [27] indicate, that the wind velocities above the Baltic Sea in
summer should be of the order of 6—7 m s'L It can therefore be con-
oluded that the values of coefficient B in formula (76) are umderrated

Se
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Fig. 23. Mass transport field [105 g cm-] in the Baltic (homogeneous basin)
for river circulation. Arrows with numbers indicate the mouths of Baltic rivers.
Rys. 23. Pole wydatkéw masowych [105g cm-1s-T w Battyku (akwen jednorodny)
dla cyrkulacji rzecznej. Strzatki z liczbami oznaczajg ujscia rzek battyckich.



lacji rzecznej. Strzaltki z liczbami oznaczaja ujscia rzek.



in the Baltic (homoge-

Fig. 25. Field of current [cm s-] on the sea surface
indicate the mouths of

neous basin) for river circulation. Arrows with numbers
rivers.

Rys. 25. Pole pradéw [cm s 1 na powierzchni Baltyku (akwen jednorodny) dla
cyrkulacji rzecznej. Strzatki z liczbami oznaczajg ujscia rzek.



and a correction should be made when the wind velocity is calculated
basing on mean fields of atmospheric pressure obtained over a period
of many years.

Comparing the results of the calculations of wind-driven and river
circulations, it can be maintained that the role of rivers in the forma-
tion of the mass transport field, the sea level and currents is insignifi-
cant. The circulation caused by river inflows reach higher values only
in the vicinity of river estuaries and in the region of the Danish Straits,
where the water flows into the North Sea. There, there might be a mo-
dification of wind-driven circulation due to the river inflow. These ef-
fects will, however, be weak, and noticeable only in cases of winds of
low velocity. Hence, it can be inferred that the variations in horizon-
tal movement of water masses, due to the inflow of river waters into
the Baltic Sea, are of purely local character. Modelling the wind-dri-
ven circulation in the whole Baltic one can omit river inflows, particu-
larly in the case of strong winds.

The barogradient effeot presented in this paper served to assess
the correctness of the method of calculating stationary circulation using
a non-stationary system of equations. The influence of the spatial he-
terogeneity of the atmospheric pressure field appeared only with a cor-
responding configuration of the sea level field. The fields of mass tran-
sport and currents result from the dynamic interaction of the wind
field (tangent stress). Static distribution of the sea level in the case of
a closed basin, can be estimated by means of equations (90, 91) with
the additional condition, i. e. the maintaining of the volume of water
in the basin [6]:

jdJvdxdy. (106)
S

where:
S — the surface of the basin.

Setting the value of the sea level ordinate at any point of the basin
and using equations (90, 91, 106) we obtain the static topography of the
free sea surface, which is generated by a spatially heterogeneous field
of atmospheric pressure.

The author wishes to thank Prof. dr hab. Zygmunt Kowalik for his va-
luable comments and advise.
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MODEL HYDRODYNAMICZNO-NUMERYCZNY DO OBLICZEN
USTALONYCH PRZEPLYWOW WIATROWYCH | GESTOSCIO-
WYCH W MORZU BALTYCKIM

Streszczenie

Omoéwione sg podstawy teoretyczne modelu hydrodynamiczno-nume-
rycznego H-N i przedstawione wyniki cibliczeh przeptywéw wiatro-
wych dla sierpnia w jednorodnym akwenie battyckim. Ustalone prze-
ptywy gestosciowe dla tego okresu beda przedmiotem drugiej czesSci opra-
cowania [11].

Model H-N baziuje na nieustalonym, liniowym ukladzie réwnan
ruchu ze statymi, w czasie, sitami wymuszajacymi (naprezenie styczne
wiatru i naprezenie wywotane niejednorodnoscig gestosci wody) (16,
17) i rownaniu ciggtosci (4). Catkujagc wymienione réwnania od dna do
powierzchni morza i uwzgledniajgc warunki brzegowe (6 — 9) otrzy-
mano ukitad rownan dla wydatkéw masowych i poziomu morza (32 —
34). Wykorzystujgc ustalong posta¢ réwnan ruchu (16, 17) oraiz wa-
runki brzegowe (6, 8) wyprowadzono analityczne wyrazenie d)o obli-
czenia skiadowych predkosci pradu (23).

W dalszej czesci pracy wykazano jednoznaczno$¢ rozwigzania row-
nanh wydatkéw masowych i poziomu morza (32 — 34) przy zadanych
warunkach poczatkowych (37) i brzegowych (38). Wyprowadzono réw-
niez wyrazenia do oceny skladowej pionowej wirowosci pola wekto-
row wydatkéw masowych (63).

Mbdel H-N bazuje na réwnaniu hydirostatyki, co eliminuje iz roz-
wazan przeptywy o duzych predkosciach i przyspieszeniach pionowych.
Battyk charakteryzuje sie duza zmiennoscig reliefu dna morza [5 25],
Przy numerycznym rozwigzywaniu zagadnienia przeptywo6w moze to
by¢ przyczynag generacji silnych przeptywéw pionowych, ktérych mo-
del nie opisuje. Moze sie to staé przyczynag niestabilnosci rozwigzania
numerycznego. Aby tego unikna¢, dokonano wygtadzenia reliefu dna
Morza Battyckiego za pomoca wyrazenia (68), usuwajac w ten sposéb
gwattowne zmiany gtebokosci przy przejsciu od jednego wezta siatki
numerycznej do drugiego. Tak opracowang batymetrie Baltyku przed-
stawia rys. 6.



Obliczenia przeptywoéw wiatrowych w jednorodnym Battyku prze-
prowadzono dla Sredniego pola wiatru dla sierpnia (rys. 8). Rysunki:
14, 15, 18 — 20 ilustruja mapy wydatkéw masowych, poziomu morza
oraz pradéw petnych, dryfowych i gradientowych na powierzchni Bal-
tyku. Strukture przestrzenng pradow dopetniajg rozkiady sktadowych
petnych, dryfowych i gradientowych w wybranych punktach Battyku,
(rys. 21, 22). W celu oceny wpitywu niejednorodnosci pola wiatru na
pola wydatkéw masowych i poziomu morza wykonano réwniez oblicze-
nia dla wiatréw zachodnich o statej predkosci 5 m s'l (rys. 16, 17).

Wykorzystujgc liniciwos¢ modelu H-N oceniono wptyw efektu
barogradientowego na pola przeptywow. Wykazano, ze stacjonarne, nie-
jednorodne w przestrzeni pole cisnienia atmosferycznego oddiziiatu-
je jedynie na pole poziomu morza, ksztaltujac odpowiednio topografie
powierzchni swobodnej morza. Przeprowadzone obliczenia przeptywow
barogradientowych stanowity test dla oceny poprawnosci stosowanej
metody badania przeptywéw ustalonych za pomoca nieustalonego ukfadu
rownan wydatkéw masowych i poziomu morza.

Morze Baltyckie charakteryzuje sie znacznym doptywem wdd rzecz-
nych [5; 25]. Liniowo$¢ modelu H<N umozliwia cceme cyrkulacji
wod wywotanej wlewem rzek. Wykonano obliczenia wydatkéw maso-
wych, poziomu morza i pradéw na powierzchni Battyku dla tego typu
cyrkulacji (rys. 23 — 25). Rezultaty obliczen wskazujg, ze rola rzek
w ksztattowaniu poziomych ruchéw wod ma charakter lokalny i ogra-
nicza isie ptb rejondw ujsciowych ©raiz w poblizu Ciesnin Dunskich, gdzie
nastepuje odprowadzenie wéd do Morza Poéinocnego. Rozwazajgc prze-
ptywy wiatrowe, zwiaszcza dla silnych wiatrow, mozna poming¢ efekty
zwiagzane z'doptywem waéd rzecznych.

Prezentowany w pracy model H-N mozie by¢ z powodzeniem za-
stosowany do oceny przeptywéw wiatrowych w akwenach morskich
o Sredniej gtebokosci.
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